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Abstract 

This paper presents a natural extension to foliated spaces of the follow- 
ing result due to Gromov : the h-principle for open, invariant differential 
relations is valid on open manifolds. The definition of openness for foliated 
spaces adopted here involves a certain type of Morse functions. Conse- 
quences concerning the problem of existence of regular Poisson structures, 
the original motivation for this work, are presented. 



Introduction 

Gromov proved in |1 the following theorem. 

Theorem 0.1 On an open manifold, the h-principle for open, invariant differ- 
ential relations is valid. 

Heuristically, a differential relation on a manifold M is a differential constraint 
on the sections of a certain bundle ir : E — > M. More precisely, it is a subset 
fl of some jet bundle J k (E) of local sections of E. A section of E whose k- 
jet extension is entirely contained in the relation satisfies the constraint; it is 
called a solution of the differential relation Q. A relation Q is said to be open 
(respectively invariant) when fl is an open subset of J k (E) (respectively when 
isotopies of M can be lifted to isotopies of J k (E) that preserve $7). Letting 
Sol (ft) (respectively T(S1)) denote the set of solutions (respectively sections) of 
fl, endowed with the weak C k (respectively C°) topology, the relation f2 is said 
to satisfy the h-principle if the fc-jet extension map 

./'' : Soi(n) - r(n) : / ~ // 

is a weak homotopy equivalence. This means that the map j k induces a bijection 
inbetween arcwise connected components of Sol (SI) and r(fi), and isomorphisms 
of the homotopy groups for the various components. 
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bonn.mpg.de). This work has been supported by an Alfred P. Sloan Dissertation Fellowship. 
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Theorem 3.1 has a lot of important corollaries concerning the existence and 
classification problems of various types of objects in differential topology and 
geometry (cf. [fLO)). For instance, applying Theorem p.l| to the relation £! 5 = 
{j x a(x) £ J 1 (T*M);da(x) is nondegenerate } yields the following result. 

Corollary 0.2 Let M be an open manifold. The inclusion of the space of ex- 
act symplectic forms on M into the space of nondegenerate 2- forms is a weak 
homotopy equivalence. 

In particular, on an open manifold, existence of a symplectic structure depends 
only on existence of a nondegenerate 2-form, a problem that belongs to obstruc- 
tion theory. 

The hypothesis that M is open is crucial. Indeed, already for the symplec- 
tic relation fi , the h- principle is far from being valid on a closed manifold. 
In addition to a nondegenerate 2-form, a closed symplectic manifold admits 
a de Rham class in H 2 (M) whose top exterior power does not vanish. More 
subtle conditions, involving Seiberg-Witten invariants, have been discovered by 
Taubes (cf. Jl9j] ) . Furthermore, even when the manifold admits a symplectic 
structure, not any nondegenerate 2-form may be deformed into a symplectic 
form. In general, if every open, invariant differential relation defined on a man- 
ifold M satisfies the h-principle, then M must be open, as such a relation can 
be constructed that admits sections and whose solutions are functions without 
local maxima. 

Motivated by the problem of existence of leafwise symplectic structures on 
foliated spaces (cf. Jl], ||), we searched for a generalization of Theorem 3.1 to 
foliated invariant differential relations, that is, differential relations that are in- 
variant under isotopies that preserve a certain foliation on the manifold. This 
requires finding a good notion of "openness" for foliated spaces. It is important 
to observe that one may not, in general, impose on the solutions constructed in 
the proof of Theorem |0.l| to be nicely behaved at infinity. In contrast, a solution 
of a differential relation (a symplectic structure for instance) on a nonclosed leaf 
of a foliation, that is the restriction of a global solution (a leafwise symplectic 
structure) is most likely very constrained at infinity, partly due to recurrence 
phenomena, partly due to the influence of neighboring leaves. The foliated case 
lies, in some sense, midway between the open case and the closed case. Exam- 
ples of foliations have been exhibited in (l], || that seem from some point of view 
quite open, that support leafwise nondegenerate 2-forms, but do not admit any 
leafwise symplectic structure. One should therefore avoid to include them in 
the class of open foliations. 

On the other hand, open manifolds are characterized by the existence of 
a positive, proper Morse function, without any local maximum. The proof of 



Theorem 3.1 suggests to base a definition of openness for foliated manifolds on 



that characterization. This justifies the following definition. 
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Definition 0.3 A foliated manifold (M,T) is said to be open if there exists a 
smooth function f : M — » [0, oo) that has the following properties : 

a) f is proper, 

b) f has no leafwise local maxima, 

c) f is J- -generic (cf. Definition 3.2l\ below). 



With this definition of openness, the following result holds : 

Theorem 0.4 On an open foliated manifold, any open, foliated invariant dif- 
ferential relation satisfies the parametric h-principle. 



Corollary 0.5 Let (M,J-) be an open foliated manifold. Any leafwise nonde- 
generate 2-form is homotopic, in the class of leafwise nondegenerate 2-forms, to 
a leafwise symplectic form. 

The leaves of an open foliation are necessarily open manifolds, but this con- 
dition is not sufficient. One might interpret Definition |0.3| as that of uniform 
openness of the leaves. It can be checked directly (i.e. without quoting Corol- 
lary 3.5) that the foliated manifolds introduced in pi ||] do not support any 



function / satisfying a) and b). 



The proof of Theorem 0.4 involves consideration of the trajectories of a leaf- 
wise gradient vector field for /, as did the proof of Theorem p.l| . There are 
new difficulties. First, the leafwise critical points of / are not isolated but come 
in families. Thus they cannot be handled one at a time (as they are in the 
nonfoliated case). Secondly, leafwise critical points may be degenerate, even 
generically. The set of trajectories converging to a degenerate critical point is 
not in general well understood. To overcome the latter difficulty one needs to 
carry out a careful construction of a Riemannian metric for which the trajec- 
tories of the associated leafwise gradient vector field are somewhat controlled 
near the singular locus. 

This paper is organized as follows. Section |l| is a brief introduction to the 
theory of h-principles (see JlO|]). Section || presents an outline of the proof 



of Theorem 0.4, and should serve as a reading-guide for the remainder of the 
text. Section 3 is devoted to making precise the term T -generic referred to 
in Definition 3.3, and to introducing the notion of strong T -genericity needed 
later. Section ^ exhibits some properties of leafwise gradient vector fields (Defi- 



nition 4.1) of strongly ^"-generic functions. Section [| describes the construction 



of a nice Riemannian metric associated to a strongly ^-generic function. The 
proof of Theorem 0.4 is completed in Section [| Some examples of open foli- 



ated manifolds are presented in Section |7| Finally, Section || is concerned with 



Corollary 3.5 
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1 H-principles 

We state here the definitions and results of the theory of h-principles (cf. JhJ) 
that will be needed in the remainder of the text. We have followed Emmanuel 
Giroux's beautiful (as yet unpublished) lecture notes 0. The proofs are repro- 
duced in Q. 

1.1 Differential relations and h-principles 

Consider a locally trivial fibration 7r : E — > M with fiber a manifold F. Let E k 
denote the set of fc-jets of local sections of it : E — > M. If / : U C M — > E 
is a local section defined on an open subset U of M, the A:-jet of / at x G U 
is denoted by j k f(x). The set E k , endowed with the natural projection E k — > 
M : j k f(x) i— > x, is a locally trivial fibration. For k < r < oo, a C r local 
section / of E, defined on an open subset U, induces a C r ~ k local section 
j k f : U — > E k : x h-> j k f(x) of £7 fc , called the fc-j'ei extension of f. 

Definition 1.1 A subset Cl o/£ ,fe is called a differential relation of order k. It 
is said to be open if it is an open subset. A section of E whose values are in 
fl is called a section oftt. A C k section of E whose k-jet extension is a section 
of is called a solution of fl. A section of E k that coincides with the k-jet 
extension of some section of E is said to be holonomic. 

Observe that solutions of f2 and holonomic sections of are in one to one cor- 
respondence. 

Let f2 be a differential relation on the manifold M. We will be considering 
families of sections of SI parameterized by cubes S = [0, l] p ,p > 1. Those are 
defined to be continuous maps / : M x S — > E , such that for each s in 5, the 
partial map f s : M — > E k (obtained by restricting the map / to M x {s}) is a 
section of CI. A homotopy of sections of Cl is a family parameterized by S = [0, 1]. 
Concerning local sections of Cl, we need to introduce some terminology. Let 
(A, A') denote a nested pair of compact subsets of M. The word "nested" 
indicates that A' C A. 

- A family of sections of Cl defined near A is a family defined on U x S for 
some neighborhood U of A. 

- Two families of sections f s and g s are said to coincide near A if there 
exists a neighborhood U of A on which both f s and g s are defined, and 
for which f s \jj — g s \jj for all s in S. 
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- A family of sections g s defined near A is said to extend another family f s 
defined near A' if g s and f s coincide near A'. 

- Two families of sections f s and g s defined near A are said to be homotopic 
if there exists a third family h s ,t defined near A with (s,t) in S x [0,1], 
such that h s fi coincides with f s near A and h s ,i coincides with g s near A. 

- A homotopy h s ^ is said to be stationary near A for s in 5" C S if there 
exists a neighborhood U of A for which h s ,t — h s ,o on U, for t in [0,1], 
and for s in 5". 

Similar definitions apply to sections of E and to solutions of f2, with one re- 
striction : families / : M x 5 — > £7 of C k sections of E are required to be 
C fe -continuous, that is, their fe-jet extension j k f : M x S — > £ is required to 
be a continuous map. To obtain solutions that are of smoothness class C r , with 
k < r < oo, one should everywhere consider C r sections of E and C k ~ r sections 
of E k only. Also, when the relations considered is open, any (continuous) family 
of C r sections of E can be approximated by a smooth family of C r sections, 
that is a smooth map M x S — > E. 

In the sequel, S' will always denote a subset of S = [0, 1} P consisting of the 
union of some of its faces. 

Definition 1.2 (The parametric h-principle.) The relation ft C E k is said to 
satisfy the parametric h-principle on M (near a subset A of M) if any family 
of sections of fi (defined near A) is homotopic, among families of sections of 
(defined near A), to a family of holonomic sections o/fi. If the sections are 
already holonomic on M (or near A ) for s in S' , we may assume them to remain 
holonomic during the homotopy. (Equivalently, the homotopy may be assumed 
to be stationary for s in S' ). 

Remark 1.3 Observe that if a differential relation fl satisfies the parametric 
h-principle, then its solutions satisfy some kind of uniqueness property. Indeed, 
let /o and fx be two solutions of Q whose fc-jet extensions are homotopic among 
sections of ft. Let f\ be such a homotopy. Then the family f] is homotopic 
to a family f t of holonomic sections of $1 via a homotopy that is stationary for 
t G {0, 1}. In particular, the two solutions fo and f\ are homotopic among 
solutions of ft. 

Remark 1.4 The relation f2 satisfies the parametric h-principle on M if and 
only if the map j k : Sol(fl) — > I\fi) is a weak homotopy equivalence, where 
5*0/(57) is the set of global solutions of and where T(fl) is the set of global 
sections of Q (cf. @ (C) p. 16). 
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1.2 Invariant relations 



Definition 1.5 An isotopy of the manifold M is a family ipt, t in [0,1], of 
diffeomorphisms of M such that the map ip : M x [0,1] — > M : (x,t) i— > <Pt(x) 
is smooth and tpo = Um- Consider a foliation T on M . A foliated isotopy of 
(M, J 7 ) is an isotopy ipt of M that preserves the foliation T , that is, (tpt)* (TT) = 
TT for all t in [0, 1]. Finally, two sets A and A' , with A' C A are said to be 
isotopic (respectively foliated isotopic) if for every neighborhood U of A' , there 
exists an isotopy (respectively a foliated isotopy) ipf of M such that 

- ifiY is stationary near A' , 

- <pY(A) C A for all t, 

- <Pi(A) C U. 



Definition 1.6 (Invariant relations.) Let n : E — > M be a locally trivial fibra- 
tion. An isotopy (p t of M is said to operate on local sections of E if we are 
given an isotopy Tp t of E covering tp t (i-e. TroTp t = tptoir) satisfying the following 
property : 

if tpt coincides with ift on an open subset U for all t > to, then Tp t 
coincides with Tp tQ on 7r _1 (C7) for all t > i . 

In this situation, if f : U — > E\jj is a local section of E defined on some 
open subset U of M , then ip t ■ f — Tp^ 1 o f o <p t is a local section of E defined 
on (p^ l (U). This operation on local sections induces an operation on E k as 
follows : (ft ■ (j k f(x)) =j k (ft ■ f){<Pt l {x)). 

Definition 1.7 The differential relation ft C E k is said to be invariant under 
the isotopy ipt if ipt operates on local sections of E, and if $1 is invariant under 
the induced operation on E k (i.e. (pt ■ CI — CI). The relation Cl is said to be 
invariant ( respectively foliated invariant ) if it is invariant under all isotopies of 
M (respectively all foliated isotopies of (M,J-)). 

1.3 Local h-principle, h-principle for extensions 

Definition 1.8 (The local parametric h-principle.) A differential relation is 
said to satisfy the local parametric h-principle if it satisfies the parametric h- 
principle near any point. 



Proposition 1.9 ([10] Bi p. 37) Any open differential relation satisfies the 



local parametric h-principle. 
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Definition 1.10 (The parametric h-principle for extensions.) Let (A, A') be a 

nested pair of compact subsets of M . A differential relation £1 defined on M is 
said to satisfy the parametric h-principle for extensions of solutions form A' to 
A, or on the pair (A, A'), if any family f s of sections of Cl defined near A and 
holonomic near A' is homotopic to a family of holonomic sections, through a 
homotopy that is stationary near A' . Moreover, if the sections f s are already 
holonomic near A for s in S' , then the homotopy may be chosen to be stationary 
near A for s in S' . 



Lemma 1.11 ( [ 10 1 ) Let VI be a differential relation on the manifold M, and 
let (A, A') be a nested pair of isotopic compact subsets of M. If fl is invariant 
under all isotopies (p^ , where U runs through the set of neighborhoods of A' , 
then the parametric h-principle for extensions holds on the pair (A, A'). 



Proposition 1.12 ([ [To|| (A') p. 40) Let £1 be a differential relation on M , and 
let M — Ui>oKi be an exhaustion of M by compact subsets (i.e. Ki C JQ+i and 
M = Ui>oKi). Suppose that Q satisfies the parametric h-principle on Kq, as 
well as the parametric h-principle for extensions on all pairs (ifj+i, JQ). Then 
fl satisfies the h-principle on M . 

Consider an open differential relation on a manifold M endowed with a 
foliation T . 



Theorem 1.13 ((l0[ (Bx) p. 41, (Ci) p. 42, (C£) p. 43) Let (A , A') be a ne- 
sted pair of compact subsets of M such that the compact C = A — A' is contained 
in an embedded submanifold Mo of M , of codimension at least one. If the rela- 
tion n is invariant, then it satisfies the h-principle for extensions on (A, A'). If 
the relation il is only foliated invariant, but the submanifold Mq intersects the 
foliation T transversely, then ft satisfies the h-principle for extensions on (A, A') 
as well. 



Remark 1.14 The hypothesis of the previous theorem can be weakened (with- 
out affecting the conclusion) as follows : C consists of a finite union of compact 
sets, each contained in an embedded submanifold of codimension at least one 
(transverse to T) (cf. fo) (A') p. 40). 

2 Outline of the proof 

We begin this section with a rough outline of the proof of Theorem |D.l[ Let 
O C E k be an open, invariant differential relation on a manifold M . Fixing 
a section g of f2, the procedure to deform g into a holonomic section of Q 
is sketched below (the case of a family of sections is treated similarly). The 
hypotheses on S! imply the following two facts. 
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(1) Since the relation £1 is open, it satisfies the local parametric h-principlc 



(cf. Proposition 1.9). Thus, for any given point x in M, the section (3 can 
be deformed into a holonomic sections on a sufficiently small neighborhood 
of x. 

(2) Since f2 is invariant, it satisfies the h-principle for extensions on any pair 



(A, A') of isotopic compact subsets (cf. Lemma 1.11). Thus, if (3 can be 
deformed into a holonomic section near A 1 , it can also be deformed into a 
holonomic section near A. 

Starting from a holonomic section w of defined on a neighborhood U of 
a point x and homotopic to f3\u, one tries to extend to as far as possible. It 
can certainly be extended to any "large" open ball containing x (cf. (2)). But 
when trying to go further, one has to understand how to deal with the topology 
of M. A good grasp on the latter is provided by a proper, positive, Morse 
function on M, that is, a proper map / : M — » [0, oo) whose singular points are 
nondegcnerate and lie on distinct levels. The term proper indicates that for any 
pair a < b of real numbers, the set / _1 ([a,6]) is compact. 

Let a < b be two noncritical values of /, and let u be a holonomic section 
of il, defined on a neighborhood of / _1 ([0, a]) and homotopic to j3. Provided 
[a, b] does not contain any critical value of /, the set / _1 ([0, 6]) is isotopic 
to / _1 ([0, a]) (|ll|). The holonomic section u> can therefore be extended to 
a neighborhood of / _1 ([0, b]) (cf. (2)). If [a, b] contains a critical value of / 
corresponding to a critical point x, the set / _1 ([0, b]) is obtained from / _1 ([0, a}) 
by gluing a closed disk D k along its boundary, in the sense that / _1 ([0, b]) is 
isotopic to / _1 ([0, a])Ug D k D k (Jig])- The dimension k of the disk coincides with 
the number of negative eigenvalues of the Hessian of / at x. Thus, to extend u> 
through x, one needs to be able to extend a holonomic section of f2, homotopic 
to f3, defined on a neighborhood of the boundary of an embedded disk D k , to 
a holonomic section of Q, homotopic to /3, defined on a neighborhood of the 
entire disk. (In other words, one needs the relation Q to satisfy the parametric 
h-principle for extensions on the pair (D k ,dD k )). This can be done as long 



as k < di m M (cf. Theorem 1.13 ), and constitutes the key step of the proof of 
Theorem |0.l[ 

The restriction k < dim M explains the dichotomy between closed and open 
manifolds. Indeed, if M is open, we may assume that / has no local maxima, or 
equivalently, that the disks we glue are never of maximal dimension. Beginning 
with a holonomic section u of fi defined near / _1 (0) and homotopic to j3, we 
can therefore extend it to / _1 ([0, b]) for larger and larger values of b, eventually 
obtaining a global holonomic section of O (cf. Proposition 1.12j ). 



Introducing the gradient V/ of / with respect to some Riemannian metric, 
one observes that its flow yields an isotopy between / _1 ([0, 6]) and / _1 ([0, a]) U 
Q D kD k . Moreover, the embedded disk D k may be thought of as the set of 
points in / _1 ([a,6]) lying on trajectories Bit) "converging" to x, in the sense 
that lim t ^ +oc 6{t) = x. It is useful to adopt this point of view when dealing 
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with foliated manifolds. 



Consider now the corresponding problem in the foliated case. Let fi be an 
open, foliated invariant differential relation defined on an open foliated manifold 
(M, J 7 ). Let / : M — > [0, oo) satisfy the hypotheses a), b) and c) of Definition p. 3|. 
We may take advantage of what is already known. In particular, the facts (1) 
and (2) are still true here, provided we restrict ourselves to foliated isotopies. 
The key step is also valid in this context, provided the embedded disk D k , does 
not only have codimension at least one, but intersects T transversely as well 



(cf. Theorem 1.13 ). The extra difficulties one faces come from the restriction 
to foliated isotopies. Indeed, up to foliated isotopy, the passage from / _1 ([0, b} ) 
to / -1 ([0, b']) does not correspond anymore to gluing some disk (nor even some 
family of disks). It corresponds instead to gluing the "skeleton" consisting of the 
set of bounded trajectories of the leafwise gradient vector field of f associated 



to some Riemannian metric g (cf. Definition LI and Lemma . The skeleton 



can be very complicated due to two phenomena 



i) the leafwise critical points of f (Definition 3.2) can be leafwise degenerate 
(Remark | 



ii) the leafwise critical points of / are not isolated in M (Remark [T^) . 
Problem i) makes it hard to describe the topological structure of the skeleton 



already locally, near the foliated singular locus £/ (Definition 3.2). Fortunately, 
to apply the key step, we do not need to know the exact topological type of the 
skeleton, it suffices to know that it is contained in a finite union of compact 
subsets of submanifolds of codimension at least one, intersecting T transversely 



(cf. Remark 1.14). When the latter holds in a neighborhood of the metric g 
is said to be nice. The construction of a nice metric is detailed in Section ||. As 
it requires the foliated sing ular locus of / to be stratified according to Thom- 



Boardman (Subsec tion 3.1 ), the function / will be as sumed to be strongly T- 



generic (Definition |3.22 ). As noticed in Remark 3.23 , this extra assumption is 
not restrictive. The construction of the metric is done by successive extensions 
from a neighborhood of one stratum to the next (with respect to some natural 
order on the set of strata) . 

Problem ii), on the other hand, makes it hard to have a grasp on the global 
structure of the skeleton due to the presence of trajectories 6(t) for which both 
lim f ^ +oc 9(t) and lim^-oo 9(t) are in / _1 ([a,6]). For such a trajectory, the 
structure of the skeleton near lim^.oo 9(t) is quite complicated, more so that 
the stable and unstable manifolds of distinct critical points may not be assumed 
to intersect transversely. Fortunately, this difficulty vanishes if we approximate 
/ by a function whose leafwise critical points are isolated with respect to the leaf 



topology (cf. Proposition 3.20| ), as it allows one to "slice" M sufficiently finely 



to (more or less) avoid having trajectories 9(t) for which both lim f ^ +00 9{t) and 
limt^-oo 9{t) lie in the same slice (cf. Section \ 
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3 Genericity 



This section is organized as follows. The first subsection shows how to adapt 
Boardman's construction of a natural stratification of the singular locus of a 
smooth map to the foliated case. We use Mather's description of the 

Thom-Boardman stratification flif . The second subsection shows that gener- 
ically, the leafwise critical points of a real-valued function are isolated with 
respect to the leaf topology. This is a consequence of a result mentioned in jl3| 
(6.1 p. 29) and proved along a scheme that appears in (l2). The third subsec- 
tion defines (strongly) J-"-generic functions and exhibits some of their properties. 
We begin with recalling the statement of Thorn's transversality theorem which 
plays a crucial role throughout this section, and with defining the terms leafwise 
critical point and foliated singular locus used in the previous section. 

Given two manifolds M and N, the set C°°(M, N) is endowed hereafter with 
the fine (or Whitney) C°° topology. A subset of a topological space is residual 
if it is a countable intersection of dense open subsets. It is a classical result 
(e.g. ||) that a residual subset of C°°(M, N) is dense. Notice that a countable 
intersection of residual sets is still residual (while an intersection of dense sets is 
not dense in general). A condition on smooth functions / in C°°(M, N) is said 
to be generic if it is satisfied by all functions in a residual subset of C°° (M, N) . 
Recall that a smooth map f : M — > P intersects an embedded submanifold W of 
P transversely at a point x in M if and only if either f(x) £ W, or f(x) £ W and 

U x T x M + T f{x) W = T m P , (1) 

and that / intersects W transversely if ([!]) holds for all x in / — 1 (W). In that 
situation, the set f~ 1 (W) is an embedded submanifold of M. If the map / is 
the inclusion of a submanifold W, we say that the submanifolds W and W 
intersect transversely. Finally, the set of fc-jets of local maps U C M — > N is 
denoted by J k (M,N). 

Theorem 3.1 (Thorn Transversality Theorem.) Let W be an embedded sub- 
manifold of J k (M, N). The set of smooth maps f whose k-jet extension 

j k f : M -» J k (M,N) 

is transverse to W is residual in C°° (M, N) . 

A proof of the previous theorem can be found in Q . 

Definition 3.2 Let (M, J 7 ) be a foliated manifold, and let f : M — > R be a 
smooth function. 

- A point x at which d(f\p m ) vanishes is called a leafwise critical point of /. 

- The foliated singular locus of / (with respect to the foliation T) is the set 
of leafwise critical points of f , it is denoted by Sy. 
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Remark 3.3 An ordinary critical point of / is of course a leafwise critical point 
as well, but leafwise critical points persist in nearby leaves, so that they typically 
come in g-parameter families, where q is the codimension of T . 



3.1 The Thom-Boardman stratification 

Let £ n denote the set of germs of smooth maps M™ — > K at the origin. The 
set £ n is a local ring, whose maximal ideal, denoted by m„, is the set of germs 
vanishing at 0. Given an ideal I of the ring £„, we use the notation X k for 
the product I ■ . . , ■ X of k copies of X. Finally, the symbol Di stands for the 
derivation where x\, . . . , x n are the standard coordinates on W 1 . 

Definition 3.4 LetX be a finitely generated ideal of£ n . 

i) The rank of X, denoted by rk(X), is the dimension of (X + m^)/m^ as a 
real vector space. 

ii) The ideal generated by X and the set T r (X) of r xr minors of the Jacobian 
matrix (-Di/j)i<i<„ i<j< a , where fx, . . . , f a is a set of generators for X, 
is denoted by A r (X) and called a Jacobian extension of X. Notice that 
the ideal A r (X) (unlike the set T r (X)) does not depend on the choice of 
generators for X. 

Hi) The ideal A r+ i(X) with r = rk(X) is denoted by S(X). Notice that when X 
is proper, the ideal S(X) is proper as well. 

iv) The Boardman symbol of X is the infinite sequence I(X) = (n — r±,n — 
r2, ■ • • , n — r£, . . .), where rg — rk(S e ^ 1 (X)). 

Let J k (n,p) denote the set of fc-jets of maps (R™, 0) — > (R p , 0) at the origin. 
Given a jet z = j k f(0) in J k (n,p), represented by a map /, consider the ideal 

X(z) dc d- Cf)+nC\ 

where (/) denotes the ideal generated by the germs of the components fi, ■ ■ ■ , f p 
of / at 0. The Boardman symbol of the jet z, denoted by I(z), is defined to be the 
Boardman symbol of the ideal X(z) truncated at order k (notice that I(X(z)) 
is of the type . . . ,ife,0, . . . ,0, . . .)). Given a sequence / of k nonnegative 
integers, let T, 1 C J k (n,p) denote the set of fc-jets whose Boardman symbol 
is /. 



Proposition 3.5 ([§) Let I = (ii, . . . The set Y, 1 is nonempty if 

only if n > i\ > 12 > ... > ife, and either i\ > n — p, or i\ = n — p and 
i\ = «2 = • • • = ik- Moreover is an embedded submanifold of J k (n,p) whose 
codimension is given by the formula 

codE 7 = (p - n + ii)ni - {i\ - 12)/^/ - ... - (i k -i - jfc)^- 1 / 7 (2) 

where s J I denotes the sequence {ij+i, ■ ■ ■ ,ik), and where ^(u,...,^) is the number 
of sequences (ji, j'2, ■ ■ ■ ,je) of integers satisfying 
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- ii > h > ■ ■ ■ > 3t> 

- ir > jr > for all r, and j\ > 0. 

Given two manifolds N and P, of respective dimensions n andp, let J k (N, P) 
denote the manifold of fc-jets of local functions on TV with values in P. The 
manifold J k (N, P) is a bundle over N x P whose fibers are diffeomorphic to 
J k (n,p), and whose structure group is the product of the group of invertiblc 
jets in J k (n,n) with the group of invertible jets in J k {p 1 p). For any sequence 
I = (ii, . . . ,ifc) of nonnegative integers, let E 7 C J k (N, P) denote the subset 

^ = IJ S s )3/ i 
(x,y)eNxP 

where E 7 corresponds to E 7 under the identification of the fiber of J k (N, P) 
at (x,y) with the manifold J k (n,p). Since E 7 c J k (n,p) is invariant under 
the action of the structure group of the bundle it : J k (N,P) — > TV x P, the 
set E 7 C J k (N 7 P) is well-defined. Clearly E 7 is an embedded submanifold of 
J k (N, P) whose codimension is given by formula (|^) . Given a smooth function 
/ : N — > P whose fc-jet extension intersects E 7 nontrivially and transversely at 

■1 q , lot 1 

„/ dcf. .k r-lf^I\ 

Ef is a submanifold of N in a neighborhood of x Q) and the following holds. 
Proposition 3.6 ([§], Theorem (6.2)) 

dimKeid(fU u ... Ah) )(x )=£ ^ j k+1 f(x ) e E^--^ . 

Let M be an m-dimensional manifold endowed with a foliation T of dimen- 
sion n and codimension q. The inclusion of a leaf F into M gives rise to a 
submersion 

r F : tt-\F xl)c J fc (M,R) -» J fc (f,l) : j k f(x)^j k (f\ F )(x) . (3) 
For every sequence I = (n = ii, . . . , ifc) of integers, let 

=■ U ^ • 

F£{ leaves of JF} 

The set E 7 ^ is an embedded submanifold of J k (M, R) whose codimension coin- 
cides with that of E 7 in J k (n, 1). Indeed, given a foliated chart (U,(p) centered 
at a point x, we have 7r _1 (C/ xljfl E 7 ^ ~ U x R x r _1 (E 7 ), where r is the 
submersion J fe (m, 1) -> J fe (n, 1) : j fe /(0) i-> j fc (/| K n x{0 })(0). 

Definition 3.7 In C°°(M) endowed with the fine C°° topology, let A denote the 
set of functions whose k-jet extension is transverse to E 7 ^ for all I — . . . , ik) 
and all k — 1,2, ... . 
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By Thorn's Transversality Theorem, this set is residual. Now given f in A 
and any sequence / of length k, the set E^ ^ = (j fe /) _1 (E^r) is an embedded 
submanifold whose codimension equals that of E^ in J k (M, R); it is called a 
Boardman stratum. There are only finitely many nonempty Boardman strata, 
provided we ignore sequences ending with more than one zero. The last assertion 
follows from the observation that if ik+i > 0, the codimension of S^-^+i) in 
J k+1 (n,p) is strictly larger than that of E 7 in J k (n,p) (cf. || p. 47). 
The following result is a consequence of Proposition 

Proposition 3.8 Let f be an element of A and let x be a point in J^y lh K 
Then 



d 



mi 



(i;/ni; D E^'- ,i) )=i <=► j k+1 f(x a ) e s^--^ (4) 



Proof. Since the problem is local, we may assume that M is diffeomorphic 
to a product F x V, with F = M™, V = M. q , and where T corresponds to the 
"horizontal" foliation of F x V (whose leaves are the F x {v}'s). Let u\, . . . , u n 
and Vi , . . . , v q denote the standard coordinates in F and V respectively. To the 
smooth function / : M — > R, we associate a smooth map / : M — > R x V by 
setting f(x) — (f(x),p(x)), where p denotes the natural projection F x V — > V. 
The proof of Proposition [T^ relies on the following three statements. Let x be 
any point in M, and let k be any positive integer, then 

a) j k f{x) 6S]rC J k (M,R) if and only if j k f(x) E E J C J k (M,M. x V)\ 

b) j fe / intersects Ejr transversely at a; if and only if j k f intersects E J trans- 
versely at x; 

c) if x belongs to Et ,, then T X J- PI T^Ei- , = Kerd(/| E i )(x). 

Assuming these statements proved, we conclude the proof of Proposition as 
follows. Statements a) and 6), combined with Proposition 3.6 imply that 

dimK e rd(/| E X (/ )(x )=^ jW/We^ 1 (5) 

Statement c) implies that (||) is equivalent to (Q). ■ 

Proof of a) . Consider the map 

J fc (A/,R x V) Pl -^ 2 J k (M,R) x J k (M, V) 
j k g(x) i ► (j k gi(x),j k g 2 (x)) , 

where 5 is a map M — » R x V, whose components are g\ : M — » K and 
32 : M — > V. Let P C J k {M, V) be the image of the jet extension j k p, and let 
V =P2 1 (V). It is sufficient to prove that in J fc (M,R x V"), 

Pnz 1 ^TDpi 1 ^). (6) 



13 



Let z — (zi,z 2 ) — (j k f{x),j k p{x)) = j k f(x) be an element in V. We assume 
for convenience that x — 0. Let z\ denote j k (f\Fx{o})( x )- We will prove, by 
induction on < £ < fc, that in £ m , 

S\l(z)) = (v) + 6 i (l(z 1 )), (7) 

where (v) denotes the ideal generated by the germs of the functions v\, . . . , v q , 
and where 5 l (I(zi)) is thought of as being an ideal of £ m . This will imply that 
rk6 i (X(z)) = q + rki5^(J(5i)) for all < I < k, hence that z\ lies in S^- if and 
only if z lies in T, 1 , which is the content of 

Observe that (0) clearly holds when £ — 0. Indeed, in a neighborhood of 
in Af, the function / can be written as 

q 

f( u , v ) = f( u , 0) + ^2 Vihi(u, v) 

i=l 

for some smooth functions hi. Then suppose that (0) holds for some £ > 
0. The ideal 6 e+1 {l(z)) is generated by 6 e (I(z)) and the set T r+1 6 e (l(z)) 
of (r + 1) x (r + 1) minors of the Jacobian matrix (Difj)i<i< m ,i<j<a7 where 
r = rk S e (X(z)), and where /i, • • • ,/ a is a set of generators for Since 
we may assume that fi — vi, . . . , f q — v q and that f q +i, ■ . ■ , f a are generators 
of 8 l (I{z\)), the set T r+ iS i (X(z)) is also the set of (r—q + 1) x (r — q+1) minors 
of (Difj)i<i< nyq+ i<j< a . Since the latter set coincides with T r - q +iS (X(z\)), we 
have 

6 l+ \l{z)) = (v) + S\l( Zl )) + r r _ g+1 ^(J(zi)) = (v) + 8 l+1 {I( Zl )) . 

■ 

Proof of b). Suppose that j k f(x) G S^-. Observe that the identity (||) implies 
that j k f intersects T, 1 ^ transversely at x if and only if 

t z P = r^nr^pr 1 ^) + (j k f)* x (t x m) 
= t z (rnpi 1 ^) + (j k f)*jT x M) 

where z = j k f(x) = (j k f(x), j k p(x)) = (21,^2)- So, in order to prove b), we 
need to show that and V intersect transversely at z, or equivalently that 

T Z2 V+ (p 2 )^(T 2 S 7 ) = T Z2 J fc (M,V0 . 

Since J k (M, V) ~ Af x V x J k (m,q), and since 7> is transverse to {ir} x V x 
J k (m,q), it is sufficient to prove that Tp^y and T Z2 J k (m,q) are contained in 
(p 2 )^(T z S / ). 
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Observe that if <p* x denotes the local flow of a vector field X defined on M, 
vanishing at x, then j k (f o (p x )(x) belongs to E 7 for all t. Hence 

£x d =- Jt ^(0) G T Z E 7 . 

Moreover, the set of vectors {p2)* I (£,x), as X varies among vector fields vanish- 
ing at x, coincides with T Z2 J k (m, q). So it remains to prove that T p ^V is con- 
tained in (p2)* z (TzE 7 ) as well. This is easily seen once we notice that T Z Y} oxm- 
tainsT^RxF), and hence that {p 2 )* z (T z Y I ) contains (p2)*A T f( x )(^- xV )) = 
T P ( X )V. ■ 

Proof of c). From a) we know that Sf^ ^ = E-~. Besides, if x lies in Efp ^, 
then 

Kerd(fy f )(x) = Kerd/» n T X E 7 

= /;,,/•• n t k e 7 - . 



Let / be an element of A. We would like to interpret the first few E 7 ^ j 's. 
Before doing so, we introduce the foliated second differential of f (with respect 
to the foliation T), that is, the map 

d 2 f :TxT®TxT^R: (X,Y) -»y(X(/)) , (8) 

where X is any local section of TT extending X. As in the nonfoliated case, it 
is easily checked that d 2 f is well-defined and symmetric. 

- E^ l j = Y,f is the foliated singular locus of / (according to Definition |3 

- E^'j? is the set of leafwise nondegenerate critical points, i.e. the set of 

leafwise critical points x for which d 2 f(x) : T X T © T x T — » K is nondegen- 
erate. 

- E^'!' is the set of leafwise critical points x for which d 2 f{x) has rank n—i. 



In general, as implied by Proposition 3.8, j^py^ [ s the set of points x 



in T, { pJ-' ik - l) where T X T n T x Y, { £f' ik - l) = i k . 



Observe that M is partitioned into the embedded submanifolds E 7 ^ p where 
I = (ix, . . • , ifc,0) and i& 7^ 0. They intersect T transversely, in the sense that 
T x Y}jr jf\T x T = {0} for all x in Ejrj. Finally, the submanifold E^ j- is of course 
not closed in general. In fact, 



•>J<)>(*1> ■■;ik) 
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where the symbol > refers to the lexicographical order on the set of tuples of 
nonnegative integers. 

Remark 3.9 A foliated manifold does not generally admit functions with no 
leafwise degenerate critical points. Indeed, for codimension one foliations, the 
foliated singular locus of such a function is a (not necessarily connected) closed 
transversal intersecting every compact leaf. The Reeb foliation on S 3 , for ex- 
ample (cf. Q| p. 93), has no closed transversals intersecting the torus leaf (cf. M 
p. 147). 



3.2 Isolatedness of leafwise critical points 



We will need (cf. Observation 6.2) to approximate an ^"-generic function by 
one whose leafwise critical points are isolated with respect to the leaf topology. 
The purpose of this subsection is to prove that the latter property is generic 



(cf. Proposition 3.20) 



Recall that £ n and m„ denote the ring of germs of maps R™ — > R at the origin 
and its maximal ideal respectively. The set of fc-jets of maps (R™,0) — > (R, 0) 
at the origin is denoted by J k (n). For £ > k, the natural map J e (n) — » J k (n) : 
j e f(0) -> j k f{0) is denoted by ir e k . As before, the standard 

coordinates on R n . 

Definition 3.10 The Jacobian ideal of an element f 6 m^, denoted by J{f), 
is the ideal of £ n generated by the partial derivatives ■§§-, ■ ■ ■ , of f . We say 
that f has codimension k if cod (J(f)) = diniR (m n /J(f)) — k. 

We will think of a singular element z = j k f(0) of J k (n) (i.e. df(0) = 0) as a 
polynomial function on R™, and define its Jacobian ideal and codimension ac- 
cordingly. 

The following is a consequence of Nakayama's lemma. A proof can be found in 
[|l2) (Appendix A. 2., Proposition 2.2.). 

Lemma 3.11 // / — /(0) G has finite codimension, then is an isolated 
singularity of f . 



Definition 3.12 Two germs f and g in £ n are said to be equivalent if there 
exists a germ of local diffeomorphism (R n ,0) — > (R™,0) of R" at the origin 
for which f — g o cj>. 

Observe that equivalent germs have same codimension. 

Definition 3.13 A germ f £ £ n is fc-determined if for any element g in m^ 1 , 
the germ f + g is equivalent to f . 
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Theorem 3.14 (|15|) If the codimension of f 6 £ n is k, then f is (k + 2)- 
determined. 

Consider in J k (n) the set Z k consisting of singular fc-jets having codimension 
strictly larger than k — 2. 

Proposition 3.15 The set Z k is a real algebraic subset of the Euclidean space 
J k {n). 



Before proving Proposition 3.15, let us mention some facts about real alge- 
braic sets. Recall that a real algebraic subset of a Euclidean space W is the 
zero locus of a collection of polynomial functions defined on R p . Such a set is 
a variety when it is irreducible, that is, when it cannot be decomposed into the 
union of two proper real algebraic sets. A real algebraic subset S of MP can be 
written uniquely (up to reordering the factors) as a finite union 

S = Vl U . . . U V n 

of varieties, where no factor Vi is contained in a factor Vj with i j. Such a 
decomposition is said to be minimal. Real algebraic sets can also be decomposed 
into smooth submanifolds : 



Theorem 3.16 ( [ 20 1 ) Any real algebraic subset ofW J can be decomposed into 



a finite union of disjoint embedded submanifolds of 1 
The dimension of S is defined to be the maximum dimension of the factors. 



The following result will be crucial later on (cf. proof of Proposition 3.19) 



Theorem 3.17 ( [ 20 1 ) A proper subvariety of a variety has strictly smaller di- 
mension. 



Proof of Proposition 3.11. This type of argument is quite standard (see ]12|). 
Let / £ J k (n) be a singular jet. First observe that cod(j7(/)) > k — 2 if and 
only if cod (J(f) +m k l ) > k - 2. Indeed, suppose that cod(J(/)+m£) < k-2. 
Then, in the following nested sequence of spaces 

m„ D J(f) +m 2 n D J(f) + ml D...D J{f) + m k 



equality must occur somewhere, that is, J(f) + m r n = J{f) + tn^ +1 for some 
r < k - 1. This implies that m r n C J{f) + m£ +1 . Hence m k c m r n c J{f) 
(cf. |i| Proposition 4. p. 3). Therefore cod ( J{f)) = cod {J{f) + m k ) <k-2. 
The other implication is obvious. 



Now cod {J{f) + tn^) > k — 2 is equivalent to 

dim (J(f) + m k )/m k n < dim (m n /i<) -{k-2) d = N . 

The vector space {J{f) +m k l )/m k l is generated by elements of the type i"^, 
where a is a multi-index with \a\ < k — 2. Therefore, its dimension is less 
than N when the rank of a certain matrix M, whose coefficients are linear 
functions of the coefficients of the polynomial function /, is bounded by TV — 1; 
or equivalently, when all minors of M of size N and larger vanish. ■ 
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The combination of Theorem 3.15| and Theorem 3.16 implies that 
Z k = M 1 ]J ...JjM r , 

where each Mj is an embedded submanifold of J k {ri). 

Proposition 3.18 For alii > k, the real algebraic set Z £ is a subset of the real 
algebraic set (ir e k )~ 1 (Z k ). 

Proof. Let / be an £-jet whose tr uncat ion 7i^(/) does not belong to Z k , that 
is, cod (J{^i{f))) < k — 2. Theorem 3.14 implies that / is equivalent to 7rjr (/). 
Hence cod {J{f)) < k — 2 as well. Thus / lies outside Z . ■ 

Proposition 3.19 The codimension Ck of Z k in J k {n) is an unbounded func- 
tion of k . 

Proof. Consider the homogeneous polynomial r = x k+1 + ... + x k+1 of 
degree k+ 1. The Jacobian ideal of r coincides with (x k , . . . , x 1 ^), and contains 
m" (fc - 1)+1 . Thus 

cod(r) < cod(m' r J (fc - 1)+1 ) d = a k . 

Let p be any polynomial of degree k. The codimension of p + r is bounded by 
the codimension of r (cf. (l^] A. 2., Theorem 2.7). Thus cod (p + r) < a k for all 
p G J k (n). Let t = afc + 2. We have just shown that for all p G Z k , the set 
(7rjp _1 (p) is not entirely contained in Z . 

Now, let Z k = V k U . . . U V k k be the minimal decomposition of Z k into 
varieties. Let (^i)^ 1 {V k ) be denoted by Wj. The real algebraic set Wj i 



is 



irreducible as well. Because Z e = V( U . .. U V£ C (tiJ:)- 1 ^), the set 
coincides with ( (~l Wi ) U . . . U (Vf (~l W nk ) . Since Vf is irreducible, there exists 
an index ji such that Vf — Vf n W} ( . The previous paragraph implies that Vf 
is a proper subset of W^. H ence, the codimension of Vf is strictly larger than 
that of Wj ( (Theorem |3.17l ). Thus, the codimension of Z e in J l {n) is strictly 
larger than that of {ir t k )- 1 (Z k ), that is codZ e > coAZ k . ■ 

Proposition 3.20 Let M be a manifold endowed with a foliation T . For f in 
a residual subset B ofC° c (M) 7 and for any leaf F of T , the critical points of 
f\p are isolated in F . 

Proof. Given a leaf F of the foliation J 7 , define Z k (F) C J k {F, R) to be 
Z k (F) = |J Z k (F) [x , y) , 

where Z k (F)( x y ) corresponds to Z k under the identification of the fiber at [x, y) 
of the bundle J k (F,R) -> F x R with J k (n). Then, define Z k (T) C J fc (M,R) 
to be : 

Z fc (.F)= |J r^(^(F)), 

FG {leaves of J 7 } 
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where rp is defined by the expression (||). Locally, the set Z k (T) is the union of 
finitely many embedded submanifolds of J k (M, R) having codimension at least 
Cfc. Hence, Thorn's Transversality Theorem implies that, provided k is large 
enough for > dimM, the set B of smooth real- valued functions on M whose 
fc-jet does not meet Z k {T) is residual in C°°(M) with respect to the fine C°° 
topology. Let / be such a function. For any leafwise singularity x of /, the 
jet j k (f\F x )(x) has codimension k — 2 at most. Thus, the germ of f\p x at x 



is equivalent to j (f\F x ){&)i and has finite codimension as well. Lemma 3.11 
implies that the singularities of f\p x are isolated in F a 



3.3 jF-generic functions 

Let M be an m-dimensional manifold carrying a foliation T of dimension n and 
codimension q. 



Definition 3.21 (T -genericity.) A smooth real-valued function f on M is said 
to be ^"-generic if j 1 f intersects S^- 1 ' transversely and j 2 f intersects E^ 1 ' 12 



transversely for all pairs (ii,«2)- 



Definition 3.22 (Strong J-' -genericity). A smooth real-valued function on M 
is said to be strongly ^-generic if 

i) the critical points of f are nondegenerate and leafwise nondegenerate; 

ii) for every sequence I of any length k, the map j k f intersects trans- 
versely; 

Hi) the leafwise critical points of f are isolated with respect to the leaf topology. 

Here as well, it is a consequence of Thorn's Transversality Theorem that 
the set of (strongly) JF-generic functions is residual in C°°(M) for the fine C°° 
topology. Indeed, the set of functions whose singularities are nondegenerate is 
a residual set (cf. as is the set of functions satisfying ii) (introduced in 

Definition 3.7), and the set of functions satisfying Hi) (containing the set B 



introduced in Proposition 3.2C). So the only thing that remains to be proven is 
that generically, critical points of / are leafwise nondegenerate. Introduce the 
following subsets of J 2 (M,R) 

w t d|f. E(m , ) n E (V) 1 < e < n 

One easily proves that the W i) s are embedded submanifolds of J 2 (M, M) of 
codimension strictly larger than m. Hence, the set of functions whose second 
jet does not meet any W e is residual. By construction, the critical points of 
those functions are leafwise nondegenerate. 
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Remark 3.23 Reflecting on Definition 0.3, one might think that c) is super- 
fluous. Indeed, the set of strongly ^-generic functions is dense in C°°(M), and 
we can therefore approximate in the fine C°° topology any given function by a 
strongly JF-generic one. The problem is that one usually creates leafwise local 
maxima in the process. It is not clear, although quite plausible, that a func- 
tion / with no leafwise local maxima always admits a nearby strongly J- -generic 
function with no leafwise local maxima. However, if / is already ^-generic, then 
any sufficiently (C°°-) nearby strongly ^-generic function will not have leafwise 
local maxima either. 

The proof of the next lemma is very similar to that of the corresponding 
result in the single- leaf case (cf. |l6| for example). Nevertheless, we include the 
proof for the sake of completeness. 

Lemma 3.24 Let f : M — ► R be a smooth function, and let x be a point in 
M for which j 2 f(x) 6 r \ Then there exists a chart centered at x and 

adapted to T , with local coordinates X\, . . . ,x m , with respect to which f has the 
following expression 

f(xi, . . ■ x m ) = ±x\ ±...±x 2 r + /(0, . . . , 0, x r+ i, x m ) , (9) 

Proof. Consider local coordinates x±, . . . , x m centered at x for which T is 
defined near x by the equations Xn-t-i — c n _)_i, . . . , x m — c m , where Ci, . . . , c m 
are constants . Since j 2 f(x) £ Y^' n r \ the function f\p x is singular at x, and 
we may assume (after eventually performing a linear change of the coordinates 
x\, . . . , x n ) that 

{d Xi d Xj [ V I -Ir-i 

One deduces from the implicit function theorem that there exists a neighborhood 
U of in M m - r , a neighborhood U' of in R r , and a function a : (U, 0) -» (W, 0) 
such that, for every i = 1, . . . , r, and for x in U' X U, one has 



df 

— (xi,...,x m )=0 if and only if (x%, . . . ,x r ) = a(x r+ i, . . . , x m ) 

Use a to define new coordinates near x as follows : 

x[ — Xi — a.i(x r +i, . . . , x m ) for 1 < i < r 



x',: = Xj for j > 



r 



Now 



df 

■^(0,...,0,x' r+1 ,...,x' m ) = for \<i<r. 

The primes are omitted hereafter. A classical argument (cf. jl6) Lemma 2.1.) 
shows that in a convex neighborhood of 0, one has 
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f(%]_) ■ • ■ , X m ^ f (Qi • ' ■ > 0, -^r-fl 1 • ■ ■ i ) ~t~ ^ ^ X{Xj fij {x\ , . . . , X m ) . (10) 

l<i<j<r 

Consider the coordinates x[ , . . . , x' m defined near x by 



fu(x) 

Xi 



2 S vlinMl 

for i > 2 . 



With respect to these coordinates, / can be written as (|10|), where fu(x) = 1, 
where fn{x) = 0, and where fij(0) remains unchanged. We repeat this process, 
modifying successively x%, . . . , x r , until the expression (Q) is achieved. Observe 
that every change of coordinates that has been made preserves T since it leaves 
the coordinates x n +i, ■ ■ ■ , x m untouched. ■ 



Proposition 3.25 Let f : M — > R be an J- -generic function without leafwise 
local maxima, and let x be in E^'^ 1 r ' . Then, for any system of coordinates 
centered at x satisfying the conclusion of the previous lemma, the quadratic 
form Q(xi, . . . , x r ) = ±x\ ± . . . ± x% occurring in expression (^j must have at 
least one positive sign. 

Proof. Suppose on the contrary that either Q — or Q is negative definite. 
We claim that, if so, any neighborhood of x contains leafwise local maxima of 
/, contradicting the assumption. 

Let x £ M, and let (U, ip) be a chart at x, adapted to T ', with local coordi- 
nates x\,...,x m , with respect to which / is expressed by (^|). The chart (U, p) 
induces a chart (U, <p) on J 2 (M,R) : 

(p : fj = (tt 2 )- 1 ^) <p(U) x R x E m x S m 

P = 3 2 g(x) *->■ ( l fi(x),g(x),L p ,S p ) , 

where ir 2 denotes the natural projection J 2 (M, R) — > M, and where S m denotes 
the set of symmetric m x m matrices with real coefficients. The symbol L p (re- 
spectively Sp) stands for the Jacobian (respectively Hessian) matrix of g o p^ 1 
at p{x). 



It is convenient to decompose a symmetric n x n matrix S into blocks as 
follows : 

A B 
E 1 D 



S = 



where A and D are r x r and (n — r) x (n — r) symmetric matrices, and where 
B is some r x (n — r) matrix. If A is nonsingular, then S has rank r if and only 
if the matrix e(S) = —B l A~ x B + D vanishes. Define U to be the neighborhood 
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of j 2 f{x) in U consisting of jets of local maps whose Hessian has a nonsingular 
upper left r x r block. Thus 

where p denotes the submersion : 

p = p 1 x p 2 : <p(U) — » M™ x S"- r 

(x,*,L,S) -> (p(L),e(q(S))) , 

and where p : M" x R m -" -> R" (respectively g : § m -> §") is the natural 
projection. Since j 2 f (respectively j 1 /) intersects H^ ,n ~ r ^ (respectively £/) 
transversely at x, the maps p o ^ o j 2 / and p 1 o (po j 2 f are submersions near x. 
Moreover (p 1 o y> o j 2 /)*^ (T X E/) = 0, and thus 

is a submersion near x as well. This implies in particular that for e sufficiently 
small, there exists a x in £/ n C/ such that p 2 o (p o j 2 f(x Q ) = —el n - r . Then 
d 2 f(x ) = —Id is negative definite. Thus / achieves a leafwise local maximum 
at Xq. U 

Remark 3.26 The assumption that / is JF-generic and has no leafwise local 
maxima prevents / from having totally degenerate singularities (singularities at 
which the foliated second differential of / vanishes). 



4 Leafwise gradient vector fields 

Let (M, F) be a foliated manifold, let / be a positive, proper, strongly ^"-generic 
function on (M,F) (Definition |3.22 ), and let g be a Riemannian metric on M. 



Definition 4.1 The leafwise gradient vector field of / associated to the metric 
g, denoted by Vjf/, is the orthogonal projection onto TT of 'the (ordinary) gra- 
dient vector field of f. Equivalently, Vjf/ is the section ofTT whose restriction 
to each leaf F is the gradient of f\p associated to the metric g\F- 

The local flow of Vjr/ is denoted by tp*. The orbit of a point x under the flow 
is denoted by 6 X . US is some subset of R, the portion {92* (x); t G S} of 9 X is 
denoted by <p s (x). Finally, the negative (respectively positive) limit set of the 
orbit 9 X is denoted by C~ (respectively £+), i.e. 



£- = p| tp(-°° -™)(x) and = P| p("'°°)(x) 

n=0 n=0 
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Lemma 4.2 



i) The set of points where Vjr/ vanishes coincides with £/. Where Vjf/ 
does not vanish, (V^/)(/) > 0. 

ii) For every x in M, the set C x reduces to a single point, lying in Sj. 
Similarly, the set C x is either empty if the trajectory of x is unbounded, 
or consists also of a single point, lying in Tit as well. 

Proof. 

i) Both assertions follow from the observation that for any X in TJ-, we have 
Xf = df(X) = g(Vf,X) = g{V r f,X) . 

ii) Since -°°< ](:r) is bounded (ip^ 00 ^ (x) C /^[O, f(x)]), for any sequence 
tji — » — oo of real numbers, the sequence <p tk (x) has a converging subse- 
quence . The set C~ is therefore nonempty. Moreover, because C x is </?*- 
invariant and contained in a level set of / (the one at level inf {f(ip t (x));t € 
R}), it must be contained in S/ (since / increases along nonconstant tra- 
jectories of Vjr/). 



Observe now that C x is connected. Indeed, suppose it is not, and let 0± 
and O2 be disjoint open subsets of M containing C x in their union. There 
exists a T < for which y>* (x) £ O x U 2 as soon as t < T. Otherwise 
there would be a sequence ifc — > — 00 for which Oi U O2 does not contain 
{^* fe (a;)}, hence not either lim^oo ip tk (x). Connectedness of (y9^°°' T ](x) 
implies that C~ is entirely contained in one of the CVs. 



To conclude, we need to prove that C~ is contained in the leaf F x . Sup- 
pose not, and let w be an point in C~ that does not belong to F x . Let also 
(U, ip) be a chart adapted to T centered at w with <p(U) = [0, 1]" x [0, l] q . 
Denote by P a the plaque (^ _1 ([0, 1]™ x {a}). Since / is strongly ^"-generic, 
its leafwise critical points are isolated for the leaf topology. We may 
therefore assume that w is the only point in S t that lies in Pq . Because w 
belongs to C x — F x , there is a sequence afc converging to such that each 
plaque P ak contains a segment ip >tk ' Sk ^{x) of 8 X that meets the boundary 
of P ak along its endpoints (i.e. Lp tk (x) and ip Sk (x) are in dP ak ). We may 
also assume, without loss of generality, that tf. and Sk both converge to 
—00. Now the sequence ip tk (x) has a subsequence that converges to a 
point iv' in dP$. Since by construction w' lies in C x , it is necessarily a 
leafwise critical point of /, contradicting the hypothesis made earlier on U. 



We have now all the ingredients needed : C~ is nonempty and connected, 
consists of leafwise critical points of /, and is entirely contained in a leaf. 
Property Hi) of Definition 3.22 implies thus that C~ is a single point. The 
same argument proves the second part of statement ii) as well. ■ 
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Definition 4.3 Given x in M , the limit point C x is denoted by x . Similarly, 
when 9 X in bounded, the limit point £+ is denoted by x + . 

Definition 4.4 

1. If A is a subset o/£/, we define the stable set of A to be the set W(A) = 
{x e M; x + e A}. 

2. If A is a subset of M, the saturation of A is defined to be the set SA = 
{x G M ; tp t (x) e A for some t > 0}. 

The following lemma will reduce the proof that the h-principle holds on M 
to the proof that it holds near the "skeleton" W(S/). Let (a, b) be any pair of 
real numbers with a < b. The slice / _1 ([a, b}) is denoted hereafter by M*, and 
the set W(£, n M h a ) n M Q & by W»(£,). 

Lemma 4.5 Given any pair a < b of regular values of f, and given any 
neighborhood U of Mq U W b a (T,f), the flow of Vjr.f yields a foliated isotopy 
tp t : M -> M, t G [0, 1], such that 

- M M n) C M b /or oi/ f in [0, 1], 

- Vi(M b ) C U, 

- ip t coincides with the identity map on Mq U W b (S/), 

- ipt is stationary for t > | . 

Proof. Let {/ be an open neighborhood of Mq U W„(S/). As a first step, 
we prove existence of a neighborhood N of £/ fl M\ whose saturation SN is 
contained in U. Suppose that such an N does not exist. Consider the neigh- 
borhoods N k of S/ n M b given by iV^ = {a; G M; the distance between x and 
E/ H M b is less than i}. Since S/ fl is compact, iVft is in f7 for fc large 
enough. Now, suppose that for every k there exists x k in Nk such that for 
some negative tk, the point yk — (p th {xk) does not belong to U. There exists 
subsequences x^, and yk, of Xk and yk respectively, converging to points x and 
y respectively. The point x lies in fl M h a , and the point y lies outside U. 
Thus the trajectory 9 y intersects — nontrivially. Denote by TC the 

foliation of M — £/ by the flow lines of Vjf/. Let /C be the portion of 9 y located 
between levels f(y) and level b. Since K, is a compact subset of a leaf of H, there 
exists a closed neighborhood O of ^ in M — such that W|o is isomorphic to 
a product foliation. For I sufficiently large, y^ is contained in O, and therefore 
Xk t and x are contained in O as well. This contradicts the hypothesis that O 
does not intersect £/. 

Now choose an open neighborhood N of £/ flM^ for which <S7V C [/. Notice 
that iSA^ is an open neighborhood of Since f^ 1 (a) is compact, there 

exists a <5 > such that / _1 ([0,a + 5)) C [/. Let L> = U /" 1 ([0,a + 
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Because / increases along nonconstant trajectories of Vjf/, there exists, for 
every x in M^, a t a < such that (fi t (x) £ U for all t < t Q . Moreover, since 
M h a is compact, such a t a can be chosen that does not depend on x. Hence <p to 
shrinks Mq inside U, but does not coincide with the identity on Mq UWj(E/). 
Multiplying Vjf/ by a smooth function 77 : M — > [0, 1] that equals on Mq U 
W„(£/) and 1 outside E7 yields a vector field 77 V V/ whose flow provides us 
with the desired isotopy. Indeed, let = Lp 6 ^*", where is a smooth function 
[0, 1] -> [0, 1] such that 0(0) = and 0(f) = 1 for all t > \. The isotopy ip t 
satisfies the four required properties. ■ 



5 Construction of the metric 

Let M be an m-dimensional manifold endowed with a foliation T of dimension 
n and codimension q. Supposing the foliated manifold (M, open (Defini- 
tion 0.3), let / : M — > R be a strongly JT-generic function (Definition 3.22) 



without leafwise local maxima (cf. Remark 3.23). In this section, we carry out 



the construction of a Riemannian metric for which the stable set of the foliated 



singular locus of / (Definition [^2] and Definition 4.4) is locally contained in a 
finite union of embedded submanifolds, of codimension at least one, transverse 
to the foliation T . 

A submanifold S of M is said to intersect T transversely if for all s in S, 
the quantity dim (T S S + T S T) is maximal, that is, coincides with min{dimS' + 
dim J 1 ", dimAf}. Observe that a submanifold S whose dimension is strictly 
less that q does never intersect each leaf of T transversely. Nevertheless, it 
might intersect the foliation T transversely. Let g be a Riemannian metric 



on M. Recall the foliated second differential d f of / (Subsection 3.1, for- 
mula (^)). Because the bilinear map d 2 f(a) is symmetric for all a G £/, the 
identity d 2 f(a)(X, Y) = g(X, AY) defines a ff -self-adjoint map A : T a T -> T a T . 
The map A can be diagonalized by means of a g-orthogonal basis. We there- 
fore have a splitting T G T — © V~ V® into positive, negative and null 
eigenspaces for A. The space V® is the kernel of d 2 f(a) and is thus intrin- 
sically defined (independently of g), unlike the other two. The distributions 
: a G £/ i— > , although not of constant rank, are smooth (unlike the dis- 
tribution V° : a G £/ > V°). Smoothness for such a distribution is defined as 
follows : for every a in £/ there exist local sections Xi , . . . , of TM defined 
in a neighborhood U of cr in S/ such that 

- {Xi(cr), . . . , Xd{cr)} is a basis of V^, 

- Xi(a') belongs to for all a' in [/. 

Remark 5.1 Consider a sequence / = . . . ,ik-x-,ik = 0). The rank of V° 



and hence of V + ® V is constant on the submanifold (cf. Section 3.1). 

Moreover, since both V + and V~ are smooth distributions, their rank must be 
constant on any connected component of T, 1 ^ j 
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Definition 5.2 The union of the connected components ofT, 1 ^ j on which rkV + 
achieves a fixed value d is denoted by E^ ; and called hereafter a stratum of E/ 
(provided it is nonempty). We introduce an order on the set of strata as follows : 

rtju-.u) < s (u,-.<») ^ ( n _ e>il> ...,£)> (n - (Mi, ... , , 

where > refers to the lexicographical order on tuples of nonnegative integers. 

Observe that because ik — 0, a stratum S is an embedded submanifold 
(generally neither connected nor closed) that intersects T transversely, in the 
sense that T s SnT s !F = {0} for all s in S. Moreover, there are only finitely many 
strata, and they partition £/. Furthermore, the closure of E^is contained in the 
union of the Eg 's with e < d and J > I (see end of Section In particular, 
it is contained in the union of the smaller (with respect to the order introduced 



in Definition 5.2) strata. Consequently, the union of the I smallest strata is a 
closed set. 

5.1 Outline of the construction of the metric 

The construction is based on the following observation. Let a be an element of 
£/, and let x%, . . . , x rn be local coordinates defined on a neighborhood U of a 
in M with respect to which / has the following expression : 

f(xi, . . .x m ) = x\ + . . . + x 2 d + /(0, . . .,0,Xd+i, ■ ■ ■ ,x m ) , 



with d > (Lemma 3.24 and Proposition 3.25| ). Let us introduce the following 



piece of notation : given an open subset O of M, let 

W (Sj) = {x e O ; x + e £/ nO and ip*(x) 6 O Vt > 0} , 
where ip* denotes the flow of the leafwise gradient vector field Vjr/ of / asso- 



ciated to the metric g (Definition 4.1), and where x + = limt^oo (cf. Def- 



inition [4J). The set Wo(S/) is the stable set (Definition |4J) of E/ n O with 
respect to (V^/)|o- If instead of the metric g, we use the Euclidean metric 
with respect to the coordinates Xi, . . . , x m to construct Vpf, then 

W u (P f )c{x 1 = 0,...,x d = 0}, (11) 
and the plane {xi — 0, . . . , Xd — 0} is transverse to J-, as needed. 

The problem is that it is not clear that a global Riemannian metric g exists 
with the property that every point a in admits local coordinates as above, 
with respect to which g is Euclidean (at least along the leaves). Fortunately, we 
do not need that much : for the property (|ll|) to hold, it is sufficient to have a 
Riemannian metric on U for which the plane {x± = 0, . . . , Xd = 0} is orthogonal 
to the planes {xd+i — c d +i, ■ ■ ■ , x m — c rn } (cf. Proposition |5.3| ). This consti- 
tutes the key observation, as it can be globalized, at least to a neighborhood 



of a stratum. Subsection 5.2 shows how. Briefly, starting with the (constant 
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rank) distribution V + on a stratum S, we construct a foliation Q C J 7 on a 
neighborhood M oi S such that TgC/ = V" + (the foliation Q plays the role of 
the planes {xd+i = c^+i, . . . ,x m = c m }). Then, we consider the manifold P of 
critical points of / along the leaves of Q (the manifold P plays the role of the 
plane {x% — 0, . . . , Xd — 0}). It is shown that any metric for which TP is or- 
thogonal to TpQ has the property that WV(£/) C P (after eventually reducing 
N slightly). 

Going from one stratum to the entire is done by induction on the order 
of the strata (Subsection 5.3). Basically, to carry out this induction, we need to 
construct the foliation Q in such a way that it "matches" the foliations already 
constructed near smaller order strata, meaning that where two such foliations 
coexist, the largest dimensional one contains the other one. The ordering is, 
roughly speaking, according to the number of strata that a given stratum con- 
tains in its closure. Closed strata are the smallest, strata having only closed 
strata in their closure come next, and so forth. This is dictated by the lexi- 
cographical ordering of the Boardman symbols, combined with the rank of the 
distribution V + . Once a "coherent" set of foliations has been constructed, one 
may build a metric for which Wjv(E/) C P for all strata S (cf. Subsection 5.4). 



5.2 The metric near one stratum 

Let S be a (neither necessarily connected nor closed) embedded submanifold of 
Yif. Suppose that S intersects J- transversely, and that the dimension of V + is 
constant on S. Typically, S is a stratum of (cf. Definition |5.2| ). Consider 
also exp : O C TM — * M, the exponential map associated to g, defined on a 
fiberwise convex neighborhood O of the 0-section in TM. The construction of 
the metric near S is divided into the five following steps. 

First step. The submanifold S is extended to an embedded submanifold S' of 
M, transverse to T, and of dimension q = codF. 

If E = (TS + TsJ 7 )^, then exp \ &nE is an embedding provided O = Of)E is 
sufficiently small. Define S' = cxp(O). Because exp„ = Id along the 0-section, 
the bundle TsS' coincides with TS © E. In particular, the submanifold S' is 
transverse to T along S. We may assume that O has been chosen small enough 
for S' to be transverse to T everywhere. 

Second step. Let T> be a subbundle of T$T (e.g. T> = V + when S is a stra- 
tum). We extend V to a subbundle V of T$'T . 

Let V be a linear connection on TgiJ- '. For every x in S' , there is a natural 
path between x and a point x in S. Indeed, take j x : [0, 1] —* S' : 1 1— * exp(tX), 
where exp(X) = x. The connection V and the path "f x induce a linear isomor- 
phism i x : T Xo T — ► T X T, obtained by parallel translation along ^ x with respect 
to V. For x in 5', define T>' x to be i x (V Xo ). 
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Third step. Given an embedded submanifold S', complementary to J 7 , and 
a subbundle V of Tg'J 7 , we extend V to a smooth foliation Q, defined on a 
tubular neighborhood Af of S' , tangent to T. 



Consider the map 

?:«C T S ,T -> M : X s G T S T ^ r Xa {l) , 

where tx, denotes the geodesic for the Riemannian metric g\p s starting at s and 
tangent to X s (in particular Tx„ C F s ), and where IA is some fiberwise convex 
neighborhood of the 0-section on which £ is an embedding. The map £ is called 
hereafter the foliated exponential map associated to the metric g. Consider now 
the foliation Q of U by the traces of the cosets of V , and the push-forward Q of 
Q via the map £. Let Af = 

Fourth step. Suppose that the foliated second differential d 2 f of / is positive 
definite on T>. Let P be the foliated singular locus of / with respect to the foli- 
ation G, that is, the set {x € Af ; df(T x Q) = 0}. Provided the neighborhood Af 
of S is sufficiently small, the set P is an embedded submanifold of Af transverse 
to Q and closed in Af. 



Let p : BTQ — > Af be the bundle of basis of TQ, and define the map 

V :BTg^R d : {e 1; . . . , e rf } -> (# (e x ), . . . , df(e d )) , 

where d is the dimension of Q. Since d 2 f is nondegenerate on P = T$0, the 
map 77 is a submersion near p^ 1 (S). Therefore, the map r\ is a submersion near 
?7 _1 (0), provided A/" is sufficiently small. The submanifold 77 _1 (0) coincides with 
p _1 (P), where P is a closed embedded submanifold of Af. To prove that P is 
transverse to 5, consider a vector X in T p P n T p {?, with p in P. Extend X to a 
section X of TCJ defined on a neighborhood {/ of p in Af. On PdU, the function 
.X"/ vanishes, and because X is tangent to P, we have = X(Xf) — d 2 f(X, X) 
(notice that d 2 f is indeed well-defined on TpQ; it is the foliated second dif- 
ferential of / with respect to the foliation Q). Since d 2 f is nondegenerate on 
TsQ = T>, it remains nondegenerate on TpQ provided Af is sufficiently small. 
Thus, the vector field X must vanish. 



Fifth step. Let h be a Riemannian metric for which TP is orthogonal to TpQ. 
Such a metric can be constructed by means of a partition of unity for instance. 



The leafwise gradient vector field Vjr/ of / associated to h (Definition 4.1 ) 
satisfies the the following property. 

Proposition 5.3 There exists a neighborhood A4 o/jVnS/ contained in Af 
for which 

W M (Z f )cP. 

Proof. First observe that if x belongs to P, then (S7 rf) x belongs to TP (as 
implied by the identity h(Vrf,T x Q) = df(x)(T x Q) = 0). We will then show 
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that for some sufficiently small neighborhood A4 of TVflS/, no trajectory of 
(V^/)|a< starting outside PflM can approach P n M D E/ in forward time. 



Since Q d !F, and since P is complementary to 5, given x in P, there exist 
coordinates x\, . . . , x m on a neighborhood U of x such that 

i) a^n+i = c„+i, . . . , x m — c m define T\u, 

ii) x d +i = c d+1 , ...,x m = Cm define Q\ v , 

iii) xi = 0, . . . , Xd, = define P n U, 

iv) /(xi, . . .,x m ) = x\ + . . . + x\ + /(0, . . . ,0,x d+ i, . . . ,x m ). 

The proof of this fact, very similar to that of Lemma [3.24 , is omitted. 



Let x be an element of P and let (xi, . . . , x m ) be nice coordinates defined 
on a neighborhood U of x. Let also u — be a nonvanishing con- 

stant vector field on U tangent to the foliation Q. In the next paragraph, a 
dot • will denote the Euclidean scalar product with respect to the coordinates 
(xi, . . . , x m ). We have the following sequence of identities : 

d . ,. . A d df 



du (Vrf-u)(x) = J>_ E^%- )(*) 



i,j=l fc=l 

= 2h(u,u)(x)+ J2 UiU ^d^~^~g^~^ ' 

ij—l k—1 

where hi denotes the component k, j of the inverse of the matrix of /i|t:fxt:f. 
In particular, if x belongs to PnE/ = Af fl E/, we have 

^-(V^/-u)(x)=2/ l ( W ,u)(x)>Q. 

Hence, for all x in Pfl E/, there exists an open neighborhood U x of x, endowed 
with nice coordinates, such that Jj;(V;f/ • u) is strictly positive on U x , for all 
nonvanishing constant vector field u tangent to the foliation Q. As a conse- 
quence, a trajectory 9 X of Vjf/ for which Q x (t) lies in — (P fl U x ) for all i 
in [t a , oo) cannot converge to a point in P n U x . Indeed, Let w be any point 
in U x — (P n Pa,), and let u be a nonvanishing constant vector field parallel to 
the line joining w — (x\, . . . ,x m ) to w Q = (0, ... , 0, Xd+i, ■ ■ ■ ,x m ). Then, since 
^(Vjf/ -u)\ Ux > and (Vrf-u)(w ) = 0, the quantity (Vrf-u)(w) is strictly 
positive. Supposing w — 8 x (t) for some t > t a , the last assertion implies that 
the Euclidean distance between 9 x (t) and P PiU x grows with t. 
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Let {Ui]i > 1} be a locally finite refinement of the covering {U x ;x G PnS/} 
of P n S/. Let M = N n (Ui>iUi). Any trajectory of {Vjrf)\ M starting in 
PP\Ai remains in PnAi, and no trajectory starting outside POM will approach 
PC\ M. in forward time. Indeed, suppose on the contrary that lim^oo x (t) G P, 
for some trajectory 6 X of (Vjr/)|»- Then, for some t a and some i, the point 
lies in Ui for all t > to. The discussion in the previous paragraph implies 
that 8 x (t) G P for all t>t , and hence that 6 X C P. ■ 

Remark 5.4 The reason for introducing A4 instead of supposing once more A/" 
small enough is that we need to make sure that the portion of £/ whose stable 
set is taken care of (AT HE/ in the previous proposition) is fixed once Q is given. 

Conclusion 5.5 Suppose given the following data : 

- an embedded submanifold S of S f intersecting T transversely, 

- a subbundlc V of T$J- restricted to which d 2 f is positive definite. 

We can then construct a foliation Q tangent to T , defined on a tubular neigh- 
borhood J\f of S, satisfying the following properties. 

i) TsQ coincides with V. 

ii) The foliated singular locus P of / with respect to the foliation Q, is an 
embedded submanifold transverse to Q (equivalently d 2 f is positive definite 
on TpQ). In particular, P as codimension at least one and intersects T 
transversely. 

iii) Let h be a Riemannian metric on M for which TP is perpendicular to 
TpQ. Then there exists a neighborhood M. of £/ contained in Af 
such that the leafwise gradient vector field of / associated to h satisfies 
the property that W,m(S/) C P. 

5.3 Construction of a complete system of foliations 

As explained in the beginning of Section the construction of a suitable Rie- 
mannian metric goes by defining a collection of foliations, one near each stratum, 
in a compatible way. The word compatible means that where two such foliations 
coexist, the one whose dimension is largest contains the other one. This con- 
struction is the subject of the present subsection. 

Definition 5.6 Consider a collection of strata Si, . ■ ■ , Si satisfying the property 
that for all k, the set Su U . . . U Si is closed in M . A system of foliations on 
uLj^Sfe is a collection {Gk', k — 1, . . . , 1} of foliations, where Gk is defined on a 
tubular neighborhood J\fk of an open subset Ok = Nk H Sk of Sk- Moreover, the 
following properties are required to hold : 

a) For all I <k <l, S k C Afk U . . . U Mi. 
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b) If S kl and S k2 are such that S kl n5t 2 = = S kl HS^ then Af kl C\J\f k2 = 0. 

c) dimg fe =rk(y+| s J. 

d) If dimQ kl > dimQ k2 , then TQ kl D TQ k2 on Af kl C\N k2 . 

e) For all k, the set P k = {p £ J\f k ; df(p)(T p Q k ) = 0} is a submanifold of 
J\f k transverse to Q k 

A complete system of foliations on is a system of foliations on the union of 
all the strata constituting S / . 

Remark 5.7 Notice that the set Si,..., Si of I smallest strata, arranged in 
decreasing order, satisfies the property that S k U. . .USi is closed for all 1 < k < I. 

Remark 5.8 Given a system of foliations on U l k=1 S k , we will always assume 
(and this is not restrictive) that another system of tubular neighborhoods M_ k 
of open subsets O k — M_ k (~l S k of S k as been given that satisfies Af k C M k for 



all k, as well as property a) in Definition |5.q . Hence, the collection {Gk\ss k } is 
also a system of foliations on u' fe=1 5fc. We will also use M' k , M k , . . . , ... to 
denote more tubular neighborhoods of open subsets 0' k ,O k , . . . ,O l k ' , . . . of S k 

such that 

K c A/y c N l k ' c M k 1 ^' c N k . 

The need for these additional neighborhoods will appear in the proof of Proposi- 



tion 5.9. It explains why, in Definition 5.6, we consider a tubular neighborhood 



of an open subset of a stratum, rather than a tubular neighborhood of the en- 
tire stratum. Indeed, if N is a tubular neighborhood of a nonclosed embedded 
submanifold S (like most strata) , there is no tubular neighborhood M 1 of S with 
77' C TV. To obtain such an inclusion we have to replace S by a submanifold O 
of S with OcS. 



Proposition 5.9 (Recurrence step.) Let Si, . . . , Si be a set of strata satisfying 
the property that for all k, the set S k U . . . U Si is closed in M , and suppose that 
{G k ;k = 1, ... ,1} is a system of foliations on U k S k . Let S be another stratum 
for which S U Si U . . . U Si is closed. Then we can extend {Q k ; k — I, ... ,1} to 
a system of foliations on S U Si U . . . U Si . 

The word extend has to be given the following meaning. A foliation Q will be 
constructed on some tubular neighborhood TV" of an open subset O of S in such 
a way that Q together with the restrictions of the foliations Q k to the neighbor- 
hoods J\f_ k is a system of foliations on S U Si U ... U Si. 

Proof. We will assume for our convenience that SP\S k ^ for all 1 < k < I (if 
this is not true, select the S k 's intersecting S nontrivially, label them Si, . . . , Si, 
and ignore the other ones until further notice). We can also assume that 
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dimC/fc > dimQk+i for all 1 < k < I — 1 (without affecting the property that 
Sk U . . . U Si is closed for all k). 



The proof follows the first three steps of Subsection 5.2. The difficulty lies in 
the second and third steps. We will need to adjust the distribution V and then 
the foliation Q so as to make them match the foliations Qk already constructed. 

Adjustment of V. Suppose S C E^ 1 ' '"' lk \ in particular vkVg = d Q . We 
begin with describing a procedure that allows one to canonically extend a d- 
dimensional subspace of T S J-, s G S, on which d 2 f is positive definite (d may 
therefore not be greater than d ), to a d Q -dimensional subspace with the same 
property. 

Because d 2 f induces a metric on TgF whose rank and signature are constant, 
it yields a bundle decomposition TsT = V + ®V~(BV a into g-orthogonal and d 2 f- 
orthogonal subspaces (cf. beginning of Section ||). Let p\ denote the projection 
TsT — > V + , and let P2 denote the projection T5JF — > V~Q>V°. Given an element 
X in T S T, write X = X+ + X- + X°, where X+, X- and X a belong to V+, 
V~ and V° respectively. For 1 < d < d Q , consider 

W+ = U seS (W+ = {l£T s f;?/(l,I)>0}) 

= IW (Vf 4 = {P€ G d {T s T) ; P - {0} c W+}) , 

where G d {T s T) denotes the Grassmann manifold of d-planes in T s J r '. If E is a 
vector space endowed with an inner product, let S(E) denotes the unit sphere 
in E, and let B{E) denotes the open unit ball in E. Observe that if P is a plane 
in V + ' d then p\\p is injective. Hence, an element P of Vf' d is the graph of a 
linear map defined on p\ (P) : 

VP : Pl (P) - V- x K° 
a; i-> P2°(pi|p) 

whose restriction to the sphere S(pi(P)) takes its values in B(V S 7) x V°. Con- 
versely, an element of G d (T s J 7 ) that coincides with the graph of such a linear 
map belongs to Vp d . Notice that if P is d -dimensional, then p\{P) = . 

Now given an element P in some r Pf' d with d < d Q , we extend it to an 
element £{P) in Vf' ° as described hereafter. Let qp : — > pi(P) denote 
the orthogonal projection ontopi(P). Then define £{P) via its associated linear 
map Lp £{P) by : 

<P£{P) ■■ V s + - V-xV s ° 

x h-> (y>p o qp)(a:) . 



Remark 5.10 We can form convex linear combinations of elements in p+^ d °. 
Indeed, let P\ 1 . . . , P r be elements of Vf' d " for some s in S, and let a±, . . . , a r 
be positive real numbers with a\ + . . . + a r = 1. Then aiPi + . . . + a. r P r denotes 
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the element of Vf' d ° whose associated function ip is a\(fp 1 + . . . + a r (pp r . The 
map (p takes its values in B(V~) x V^ , as this set is convex. 



As in the first step of Section 5.2, the stratum S is extended to a g-dimensio- 
nal embedded submanifold S' transverse to T . The manifold S' is the image of 
a fiberwise convex neighborhood O of the 0-section in the bundle p : E — (TS + 
TsJ r ) ± — > S via the exponential map associated to g. Recall from the second 



step of Section 5.2, that a linear connection on TT determines, for each point 
x in S' , a linear isomorphism i x : T Xo J- — > T X J-, where xq — exp(j>(exp _1 (:r))). 
Set 0' k = exp(C n p -1 ^* n s )) and ° °k = ex P( n V~ x Wi n 

Lemma 5.11 Provided O is sufficiently small, the following properties hold for 
all k : 

- 0' k cAf k , 

- 0" k d N' k " n S', 

- for every x in 0' k , the space i~ (T X Q f.) is contained in W x U {0}. 

Proof. Given a subset U of S and a positive number e, let U £ denote the 
subset exp(U s6 c/B £ (0 s )) of S', where B B (Q S ) is the ball of radius e centered at 
in p~ 1 (s). For every s in S, there exists a neighborhood U s of s in S and a 
positive number s s such that 

- Ul s C TVfc for all fc for which s G A/*' fc , 

- f/ s n A/"' fe = for all k for which s £ JF k , 

- U s C M k for all k for which s G Jf' k , 

- C/f s n M' k = for all k for which s ^ Jf' k , 

- i^iTxGk) C W+ U {0} for all x G E/J" with s in Jf' k . 

Let > 1} be a locally finite refinement of the covering of S by the 

Us s 's. For any fiberwise convex neighborhood O of the 0-section in E such 
that exp(O) C UjUi, the required three properties are satisfied. ■ 



For all fe = 1, . . . , Z, the dimension of Qk is at most equal to d (we supposed 
that Sn S k ^ for all fc, and this implies that rky+ > rkV^ for all jfe). We 
can therefore associate to each foliation Gk a <i -dimensional distribution T>' k , 
defined on O k , tangent to and containing TQk- Simply let 

(v' k ) x = i x (s (i- l (T x g k ))) . 

We would like to paste the T>' k 's together so as to obtain a <i -dimensional 
distribution V C T' S T on S' containing the distribution Ts>nj\f'"Qki an d for 
which d 2 f is positive definite on V = V'\s- For each k between 1 and I, let 
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Pk ■ M — > [0, 1] be a smooth function equal to 1 near N'{, and vanishing near 
the complement of N' k . We define V as follows : 

V' x = p 1 (x )(V[) x + (l- p 1 (x ))p 2 (x )(V' 2 ) x + ...+ 

(I - p\{x )) ... (1 - Pk-l{Xo))pk{Xo){'D' k )x + ■■■ + 

(l- Pl (x ))...(l- Pl (x ))i x (V+) , 

where x is in 5", and where x = exp(p(exp _1 x)). It is understood that when 
some distribution T>' k is not defined at the point x, the quantity Pk(x ){^ > 'k)x 
is defined to be p k {x )i x (V x + ). The linear combinations appearing in the right 
hand side has to be understood as follows. If P±, . . . , P r are subspaces of T X T for 
some x in 5" such that i~ 1 (Pi) C W + U {0}, and if a,\, . . . , a r are real numbers, 
then 

a 1 P 1 + ... + a r P r = i x (axi^iPx) + ... + avC^-fr)) , 

where the linea r com bination in the right hand side has to be interpreted accord- 
ing to Remark 5.10| . Observe that on O k , hence on M' k R S", the distribution 



T>' contains TQ k . Indeed, the function (I — pk{x )) vanishes on J\f k , hence, only 
T>[, . . . ,V' k are involved in the definition of T>' x for x in O k . By construction, 
T>'j contains TQ k for j between 1 and fc; hence, any convex linear combination 
oiT>[, . . . , V' k contains TQ k as well. 

To keep notations light, we denote Af' k by N'k, N' k by ftf' k , and so forth, 
while fixing M_ k . 

Adjustment of Q. We will now extend the distribution T>' to a foliation Q C T 
defined on a tubular neighborhood TV of S' , that contains Q k on JVnJ\f' k . Recall 
from the previous section the foliated exponential map : 

?:WC T S ,T -» M , 

where the set U is a fiberwise convex neighborhood of the 0-section in Ts'J 7 , 
small enough for £ to be an embedding. Let Q k denote the foliation (^)~ 1 (5fc) 
defined on ^ 1 (M k ). It is of course tangent to the foliation of U by the fibers of 
the natural projection n : T S *T — > 5". For all k — I, ... J, let £ k = (TQk-) 1 - n 
TJ-. Given any fc, there exists a (not necessarily fiberwise convex) neighborhood 
Vfc of the 0-section of Ts>c\M k J~ contained in ^ _1 (A/"fc), such that each leaf of 
Gk\v k intersects £ k along exactly one point. In particular, there is a map g k : 
Vfc — > £k defined by {gk{x)} = (G k ) x r\£ k , where (G k ) x denotes the l eaf of Q k \ y t . 



containing x. The following lemma is very similar to Lemma 5.11 although it 



is formulated in Ts> T instead of M. Its proof is omitted. Let U' k (respectively 



U'l) denote the set U D ^~ x {M' k n S') (respectively U n tt" 1 ^ n S')). 



Lemma 5.12 ProvidedlA is sufficiently small, the following properties hold for 
all k. 

- U' k c V fe; 
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Let gi+i denote the orthogonal projection Tg'T — > D , and let v : TgiT x 
Ts'T — > Tg'^ 7 be the map that sends the pair (x, y) to the orthogonal projection 
of x onto the coset of V passing through the point y (that is, v(x, y) = x + 
gi+i(y — x)). Consider a smooth function pk : M —> [0, 1] whose value is 1 near 
M'l, and is near the complement of Af' k . Define p : U — > Tg>T by 



p{x) = v (x , pi{x )g 1 (x) + (1 - p 1 (x ))p 2 (x )g 2 (x) + . . . + 

(l - pi{x )) ... (l - Pk-i(x ))pk(x )gk(x) + . . . + 

(1 - pi(x )) ... (1 - pi(x ))gi +1 (x)) , 

where x = tt(x), and where, if gk{x) is not defined, we set Pk(x )gk(x) = Xo . 
Observe that the map p coincides with the identity on the 0-section. Denote by 
Q' the foliation of TgiT by the cosets of V . The idea is that, provided p is a 
diffcomorphism, the foliation p(Qk\u'^) is tangent to the foliation Q' . 

Lemma 5.13 There exists a fiberwise convex neighborhood U C U of the 0- 
section in Ts'T for which p : U — > Ts'T is a diffeomorphism onto its image, 
another neighborhood of the 0-section in Ts>T . 

Proof. First observe that the map Pk{x) = v{x,gk(x)), defined for x in Vk, 
coincides with the identity on Vk H £k (or on Ts>T for k = I + 1), and that 
(pk)*{X) = X for X in T s Qk, with s in 5" n Vk (as a consequence of the fact 
that (T>') s contains T s Qk for s in S' DAfk)- Hence, the map (pk)* s coincides 
with the identity map for s in 5" n Vk- Observe now that, if we fix s in S' and 
let x vary in T S T n U, the map p can be written as : 

p(x) = v(x, t 1 g 1 (x) + ... + tigi{x) + t l+1 g l+1 (x)) , 

where tk = (1 — pi(s)) ... (1 — Pk-i(s))Pk(s) for 1 < k < I, and where ti + \ = 
(1 - ... (1 - pi(s)). Hence, for X in To^J 7 ~ T S T, we have 

M* s (X) = u* M (X, (tigi + ... + t l+l9l+1 )^ (X)) 

= ".<.,., ((*i + • • • + -X". (X) + ...+ t l+1 (g l+1 )* s (X)) 

= h ".(...) (ffi).. PO) + • • • + ".<.,., (*> O/l+i).. PO) 

- ti (/xi)* s PO + • • • + tl+i (w+i).. PO 

= txX + ...+ti +1 X 

= X . 

Thus p* s = Id for all s in S' , and the lemma follows. ■ 

Lemma 5.14 For all k, the foliation p^ 1 (Q') contains the foliation Q k onU^n 
U, hence on^ 1 {M'l!)r\U. 

Proof. If x belongs to U'l CiU, then (1 — pk(x j) = 0. Hence the map p can 
be expressed as follows : 

p(x) = v (x, p 1 (x Q )g 1 (x) + (1 - pi(x ))p 2 {x )g 2 {x) + . . . + 
(1 - pi{x )) ... (1 - p k - 1 (x ))pk(x )gk(xj) . 
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Besides, for all j = 1, . . . , k, the map x i— > pj(x )gj(x) is constant on the leaf 
(Gk)x of 5fc| w // n ^ passing through x. This assertion follows from the fact that 
whenever k\ > ki, the distribution TGk x contains the distribution TQk 2 on 
WOci n A/"fe 2 . Thus the map /i sends the entire leaf (Gk)x into a coset of V . ■ 

The foliation Q is defined to be (/i^T 1 (^')lw)- ^ s d° mam is the open set A/" = 
£,(U). Lemma 5.14 implies that Q contains Gk on J\f'l' P\J\f. Define P to be the 



foliated singular locus of / with respect to G, that is, P = {pe TV; df(p)(T p G)}- 
We may assume, after shrinking JV if needed, that cPf is positive definite on 



TpG (cf. Fourth step of Subsection 5.2). The strata we might have ignored in 



the very beginning of this proof should now be re-incorporated. 

Lemma 5.15 The foliations G,Gi, ■ ■ ■ ,Gi, defined on J\f,Af 1 , . . . ,Af l respec- 
tively, form a system of foliations on S U Si U . . . U Si . 

Proof. Among the five defining properties of a system of foliations, properties 
a), c), d) and e) have been taken care of during the construction. Only b) 
requires some attention. We need to make sure that M does not intersect the 
tubular neighborhoods of the strata that we discarded at the beginning of the 
proof. A way to insure this is to fix a family of neighborhoods Afk , one for each 
strata Sk , satisfying the following property : 

if S kl H S k2 = = S kl nS fe , then Af kl C\N k2 =$ as well. 

Then, whenever we consider a neighborhood of some strata S k , we request that 
it be contained in M k ■ ■ 



End of the proof of Proposition 5. i 



Corollary 5.16 A complete system of foliations onT,f exists. 

Proof. Let Si , . . . , Si be the set of all strata of X/ , presented in such a way 



that Si > S2 > Then, as described in Subsection 15^ (or in Proposition ^9 

with / = 0), we can construct a foliation Gi near Si and use Proposition 
repeatedly to extend Gi to a system of foliations near \J k S k . 



5.9 



5.4 Construction of a metric from a complete system of 
foliations 

Let {Gk',k = 1, . . . ,1} be a complete system of foliations on E/. Each Gk is 
defined on a tubular neighborhood Aff. of an open subset O k of the stratum 
Sk- The foliated singular locus of / with respect to Gk is denoted by P k - We 
suppose that dim^fe > dim^fe+i for all k. 

Definition 5.17 A Riemannian metric is said to be adapted to the system of 
foliations {Gk] k = 1, . . . ,1} ifT x P k is perpendicular to T x Gk for allx in P k nAf' k . 
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Proposition 5.18 A Riemannian metric adapted to the system of foliations 
{Qk> k = 1, . . . ,1} exists. 

Proof. For x in M, let U x be a neighborhood of x in M, and let h x be a 
Riemannian metric defined on U x such that 

1. U x C A/"fc for all fc for which ieP t n A7" fe , 

2. [/ x n P fe n Jf' k = for all k for which x <£P k nW k , 

3. if x £ P fc n 7P k , then T y P fc ±, lx T„0 fc for all y in U x D P k . 

Existence of U x and h x is easily seen, except perhaps for the last condition. 
Suppose that x belongs to J7' k n P k if and only if k E {ki, k%, . . . , k r }, with 
fci < &2 < ■ ■ • < k r . Then for Property 3. to hold, it is sufficient that the 
following bundles be pairwise ft^-orthogonal. 

TP kl , TP k2 n TQ kl , TP k3 n rg k2 , . . . , TP kr n tq k _ x , rg fcr . 

These bundles span TM on C/ x fl (flj (ATj. . fl Pfc • )) and are linearly independent, 
so that the Gram-Schmidt orthogonalization process can be carried out. 

let {Ui ; i > 1} be a locally finite refinement of the covering of M by the U x s, 
and let {8i} be a partition of unity subordinate to the covering {Ui}. Denote 
by hi the metric h Xi , where Xi is chosen in such a way that U{ C U Xi . Define 

h=y j 9 i hj. 

i>l 

Then T^Pfc _L ft T y ^ fc whenever y belongs to P k DAf' k . Indeed, let y G P k P\N' k , 
and suppose that y belongs to Ui C U Xi for some i. Then Xi G P^ nA/"' fe . Hence 
T y p. is perpendicular to T y ^fe with respect to the metric hi. Since this holds 
true for every i for which y € t/$, we have T y P k T y Q k . 



5.5 Conclusion 



The preceding subsections show how to construct a complete system of folia- 
tions {Q k \k — 1,...,/} on £/ (Definition 5.£ and Corollar y as well as 
a Riemannian metric /i adapted to that system (Definition 5.17 and Proposi- 
tion 5.18). By Proposition 5.3, there exists, for every k, a neighborhood A4 k of 
M' k n £/ for which 

where Pfc denotes the foliated singular locus of / with respect to the foliation Q k . 
The submanifold P k has codimension at least one and intersect T transversely. 
Notice that the M-k's cover £/. 
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6 The proof 



Let us recall the statement of Theorem 0.4 whose proof will be completed in 
the present section. 

Theorem 6.1 On an open foliated manifold, any open relation invariant under 
foliated isotopies satisfies the parametric h-principle. 

Proof. Let Q be an open relation invariant under foliated isotopies on the 
open foliated manifold (M, J 7 ). Consider a proper ^-generic function / : M — » 
[0, oo), without leafwise local maxima. As observed in Remark 3.23 , we may 
assume, without loss of generality, that / is not only ^"-generic but also strongly 
.F-generic. Let £/ = S i U . . . U Si be the decompo sitio n of the foliated singular 
locus of / (Definition 3^2) into strata (Defini tion 5.2). Let \Q k] k = l,...,l} 
be a complete system of foliations (D efinit ion 5.6 and Cor ollary 5.16 ), endowed 
with an adapted metric h (Definition |5.17| and Proposition 5.18| ). As before, we 
will denote by Afk the domain of definition of the foliation Qk, by Pk the foliated 
singular locus of / with respect to the foliation Qk, and by AAk a neighborhood 
of Afk H £/ for which WM k ( ^f} C Pk- The leafwise gradient vector field of / 
with respect to h (Definition |4.l| ) is denoted as before by V^-/, and its local 
flow by ip*. We will need a partition V — { a = = a\ < a 2 < . . . < a% < . . .} 
of [0, oo) by non critical values (except for ao and ai) of /. The latter provides 
us with an exhaustion M = Uj-Ki of M by compact subsets Ki = / Oj+i]). 



The proof of Theorem 3.1 consists in showing that, provided the partition 
V is fine enough, the hypotheses of Proposition 1.12 are satisfied. The first 
hypothesis, that the h-principle is valid near Kq is easy to handle. Indeed, 
A'o = / (0) is a finite union of points (we assume here that the minimum value 

is valid for any open relation 



1. 



of / is 0), and the local h-principle (Definition 
(cf. Proposition 1.9), in particular for f2. Concerning the second hypothesis, that 
the h-principle for extensions is valid on each pair (JQ_|_i, Ki), it is proven in two 
steps. The combination of Lemma 4.5 and Lemma 1.11 proves the h-principle 



for extensions on each pair (ifj+i, K{ U W°^(Ej)). It remains to prove that 
the h-principle for extensions is valid on each pair (Ki U Wo'+f (£/), Ki). This 
is where the construction of a Riemannian metric carried out in Section ^| is 
needed, as will become clear below. Fix a slice Ki. 

Observation 6.2 Since / is a strongly ^-generic function on (M,!F), for each 
leaf F of the foliation T , the critical points of f\p are isolated in F. Moreover, 
the submanifold S/ is closed and embedded. Hence, for each a in £/, there 
exists a neighborhood U a of a in M satisfying the following properties : 

1. U a is the domain of a chart {U a , ip a ) adapted to T and centered at a such 
that ip a (U a ) = B\ x B%, where B\ is a closed ball about (p(cr) in the image 
of the leaf F a , and where B% is a closed ball about (p(cr) in the transverse 
direction. 



2. U a is contained in A4k for some k. 
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3. The compact set bU a d = ip a . 1 (dB] J x B%) does not intersect S/. 

Let {U r ; r = 1, 2, . . .} be a locally finite refinement of the cover of £/ by the 
Uff's. Observe that \J r bU r is a closed set, and that for only finitely many r's, 
the set f7 r intersects i£j nontrivially. For each r, choose a er r in Ej such that 
J/ r C [/,j r . Choose also an index k r e {1, . . . , 1} for which C/ r C Mk r - We will 
use the notations introduced in Section |^. 

Lemma 6.3 

W(E/) c|J 5((/ r nftJ. 

r 

Proof. Let i be a point in M — S/ such that x + is in £/. The critical point 
x + belongs to U r for some r. Either the trajectory ip^'°°\x) intersects bU r , or it 



is entirely contained in U r . In the second case, we deduce from Proposition 5.3, 
and from the fact that U r C A4k r , that x must be contained in U r P\Pk r . In the 
first case, let Xq = ^(x) be the point in tp\°'°°\x)r\bU r for which t is maximum. 



Then is entirely contained in U r , and Proposition 5.3 implies that xq 

must belong to Pk T ■ In both belongs to S(U r PI Pk r )- ■ 



Lemma 6.4 Let 



Ei = M{f(x)-f(x ); x e L) r (bU r r\Pk r ) nKi and x e Ki} . 
Then Ei is positive. 



Proof. Suppose on the contrary that Ei = 0. Then there exists a sequence 
(xj) of points in {J r bU r C\Ki with xj in Ki such that lim^oo (f(xj) — f(xj)) = 
0. We may assume, after extracting a subsequence if necessary, that the sequence 
(xj) converges in Ki to a point x. Since x belongs necessarily to U r bU r , it is 
not a leafwise critical point of /, and we may therefore consider a chart (U,ip) 
about x, adapted to the foliation H of M — E/ by the orbits of Vpf. For all 
sufficiently large j, the point Xj lies in U. Letting x' — ip {x) with t < be an 
element in U , there exists a sequence x'j — (p tj (xj) with tj < converging to x'. 
Because / is strictly increasing along nonconstant trajectories of Vj^/, 

< f{x) -f{x') 

= lim ifi Xj ) - fix'j)) 

< lim ifi Xj )-fixj)) , 

contradicting the hypothesis that lim^oo if(xj) — f(xj)) =0. ■ 

Now let V 1 = {bo = = b\ < 62 < ... < bj . . .} be a refinement of the 
partition V such that, if dj = bj it then bj+i — bj < Ei, whenever ji < j < ji+i. 
Fix j, let Lj denote the slice and let z be the index for which 

C [Oi,Oi + i]. 
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Lemma 6.5 For all r, the set N r — S(U r (~l Pk r H Lj) n Lj is a finite union of 
compact subsets of embedded submanifolds of codimension at least one, trans- 
verse to T . 



Remark 6.6 It is not true in general that N r is an embedded sub-manifold. 
The problem is that, even though V^-/ is a leafwise gradient vector field, there 
might be trajectories leaving U r P\Pk r and coming back later to U r C\Pk r , creating 
in the process self- intersections in N r . 



Proof of Lemma 6.L. As in the proof of Lemma 3.4, let TL denote the foliation 
of M — T,f by the orbits of Vjf/. For any point x in bU r Pi Pk r PI Lj , there exists 
a t x < for which (p tx (x) = x belongs to f~ 1 {bj) — S/. Indeed, bj+i — bj < e$, 
but f(x) — f{x~) > £i, by definition of £j. Let T4 be an open neighborhood of 
(x) in M such that 

- TL\v x is isomorphic to a product foliation, 

- each leaf of H\v x intersects nontrivially. 

Let also U x be a neighborhood of x in 14 D A4fe r for which U x C\Pk r — U x x [/J, 
where 

- U x is a neighborhood of x in the leaf 7?^ of Ji through x, 

- U x is an submanifold containing x whose projection onto the leaf space of 
H\v m is an embedding. 

Existence of U x is guaranteed by the fact that P^ r — S/ is tangent to H. Then 
S{U X C\Pk r ) <lV x is an embedded submanifold (it is isomorphic to U x xR). Now, 
since bU r fl Pfc r fl Lj is compact, it is covered by a finite number of U x s, say by 
U Xl , . . . , t/ x „- Moreover, we may assume that for each 1 < £ < n, there exists a 
relatively compact refinement Vi of U X( , such that UzVi also cover bU r PiPk r HLj. 
Then the compact sets S(Ve n Pfc r ) H Lj, £ = 1, . . . ,n and U r fl P^ r cover iV,., 
and are contained in the submanifolds S(U Xt fl Pk r ) Pi T4 < , £ = 1, . . . , n and 
respectively. Because P/- r is transverse to JF, and because TC is tangent to T, the 
submanifold S(U Xe nPk T )r\V xe is transverse to J 7 as well (since U x is transverse 
to T). Moreover, by construction, the submanifolds S(U xe fl Pk r ) H T4 f and Pfc r 
have codimension at least one. ■ 



It follows from Lemma and Lemma 3.3 that the stable set of Lj HE/ with 
respect to (V^-/)|lj is contained in a finite union of compact subsets of embed- 
ded submanifolds intersecting T transversely, and having their codimension at 



least equal to one. We can thus use Theorem 1.13 and Remark 1.14 to conclude. 



End of the proof of Theorem 6. 1 
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7 Examples of open foliated manifolds 



The very first class of examples of open foliated manifolds consists of the prod- 
ucts (M, J 7 ) x R. Let / be any positive, proper, ^-generic function on (M, F) 
(such a function always exists). The function j:MxI-^l: (x, t) > f(x)+t 



has no leafwise local maxima, and satisfies the hypotheses of Definition 3.3 
As implied by the following theorem due to Palmeira, foliations of the type 
(M, f) xl include an important class of plane foliations (i.e. foliations whose 
leaves are diffeomorphic to some Euclidean space). 



Theorem 7.1 ([18]) If J- is a transversely orientable plane foliation on an ori- 
entable n- dimensional manifold M (with n > 3), with finitely generated funda- 
mental group, such that all leaves are closed, then there exists a two dimensional 
surface S and a plane foliation Tq on S such that T is conjugate to the product 
of Tq with R"~ 2 . 

Another class of examples is described in the following lemma. 

Lemma 7.2 Let n : M — > B be a locally trivial fibration with compact fiber L 
and open base, and let J- be a foliation on M that is transverse to the fibers of 
7r, in the sense that T X J- + Ker7r* x = T X M for all x in M. Then the foliated 
manifold (M, T) is open. 

Proof. Let g : B — > [0, oo) be a proper Morse function without local maxima. 
It is sufficient to prove that if / : M — > [0, oo) is sufficiently close to n*g in the 
fine C°° topology, then / is proper and has no leafwise local maxima. It is easy 
to see that a function that is C°-close to a proper function is proper as well. 
Let {a;- 7 ; j > 1} be the set of critical points of g. For every j, let x\, . . . ,x 3 k be 
local coordinates about x^ , defined on a neighborhood [/■? of in B, for which 

g(x{,...,x{) = (x{) 2 +£f(0, 4,..., 4) • 

Assume also that C/- 7 is small enough to guarantee existence of a trivialization 
4> : 7T — 1 (J/^ ) — > x L, with the property that the image of each local sections 
crj : l/i — » 7r~ 1 ([/ : ' ) : x i— ► (f>^ 1 (x, £), £ S L is contained in a leaf of T. A function 
/ whose 2-jet is sufficiently close to that of ir*g satisfies the following properties. 

- The leafwise critical points of / are all contained in 7r~ 1 (Uj[/ : '). 

- For all j > 1, and for all I in L, the second derivative of / o o\ in the 
direction of x\ is strictly positive on U° . 

Then, if y is a leafwise critical point of /, the foliated second differential of / at 
y may not be negative definite, that is, y may not be a leafwise local maximum 
of/.' ■ 

Remark 7.3 It is not know to us whether locally trivial fibrations with open 
fibers are always open as foliated manifolds. Nevertheless, such foliated mani- 



folds satisfy the conclusion of Theorem 0.4, as implies by Theorem 0.1 (cf. [Ill, |3] ) 
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We will now describe a general procedure that allows one to construct open 
foliated manifolds. We need to recall the notion of Novikov component of a 
codimension one foliation T on a closed manifold M. 



Definition 7.4 (|17|) Two points x and y in M are said to be equivalent with 
respect to T if either F x — F y , or the foliation T admits a closed transversal 
that contains both x and y. 

It is not difficult to verify that this defines an equivalence relation on M. 

Definition 7.5 A Novikov component of the foliation T is an equivalence class 
for this equivalence relation. 



Example 7.6 The Reeb foliation on S 3 has three Novikov components. One 
of them is the torus leaf. The other two are two open solid tori bounded by the 
torus leaf. 



Theorem 7.7 ([17]) A Novikov component is either a compact leaf or an open 
submanifold whose boundary is a finite union of compact leaves which are them- 
selves Novikov components. 

The following result is due to Ferry and Wasserman. 

Theorem 7.8 ([[|) For a codimension one foliation J- on a closed manifold 
M , the following statements are equivalent. 

- T has one Novikov component. 

- There exists an T -generic function f : M — > M with no leafwise degenerate 
critical points. 

Consider now a codimension one foliation T with one Novikov component 
on a closed (n + l)-dimensional manifold M. Let / : M — > R be an .F-generic 
function without leafwise degenerate critical points. Let V C M be the set 
of leafwise local maxima of /. Notice that since / has no leafwise degenerate 



critical points, its singular locus (Definition 3.2) is necessarily transverse to 
T (cf. Section 3.1 or Q). It is therefore a finite union of embedded circles 



intersecting T transversely; the set F is the union of some of them. 

Lemma 7.9 The foliated manifold [M' = M — T, J- 1 = J-\m-v) is open. 

Proof. We already have a bounded below JF-generic function /|m' on M' 
with no leafwise local maxima. The only thing that needs to be done is to 
modify f\w so as to make it proper. Take a tubular neighborhood U of Y 
in M. The set U is the image of an embedding e : E — > M, defined on the 
total space of a rank-n vector bundle p : E — > F, such that e o s — Idr, where 
s : Y — > E is the zero section. Since Y is transverse to J 7 , we may assume, 
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without loss of generality, that the foliation T\y corresponds, under the map e, 
to the foliation of E by the fibers of p. Such a tubular neighborhood is called 
hereafter a foliated tubular neighborhood. Let g be a Riemannian metric on 
the bundle E. Let : R — > [0, 1] be a function with compact support whose 
only critical value, aside from 0, is a global maximum achieved at the point 0. 
Consider the function 

0(g(e- 1 x,e- 1 x)) . 
f':M'^R:x~{ g(e^x,e^x) U — T 

otherwise . 

The function /' is proper and bounded below. Moreover, provided U is small 
enough, its leafwise critical points are exactly those of f\hi>- Thus /' has no 
leafwise local maxima. ■ 




Remark 7.10 Making /|m-t proper requires the set L of leafwise local max- 
ima of / to be a union of circles. If on the contrary, T has a line segment as one 
of its connected components, as might be the case if the function / had leaf- 
wise degenerate critical points, it would not be possible to make /Im-t P ro P cr 
without creating leafwise local maxima. 



Remark 7.11 It is a classical result due to Rummler and Sullivan that a trans- 
versely orientable, codimension one foliation has one Novikov component if and 
only if it is geometrically taut, that is, if and only if M admits a Riemannian 
metric with respect to which all the leaves of J- are minimal submanifolds (a 
proof of this result can be found in Q ) . 

As was suggested to us by Takashi Tsuboi, interesting foliations with one 
Novikov component are obtained by forming connected sums along closed trans- 
versals. Let Mi and M2 be (n + l)-dimensional manifolds endowed with codi- 
mension one foliations T\ and J- 2 respectively. For i — 1, 2, let c, : S 1 — ► Mi 
be an embedding transverse to Ti. Suppose that the normal bundle of Ci(S 1 ) is 
trivial (which it is when the foliated manifold (Mj, J 7 ,) is orientable). Consider 
a foliated tubular neighborhood Ui of Ci(S 1 ). The set Ui is the image of an 
embedding : S 1 x R™ — > Mi that coincides with a on S 1 x {0}, and that 
maps the "vertical" foliation of S 1 x R" isomorphically onto the foliation Ti\ui- 
The connected sum of the foliated manifolds {M±,J-±) and (M2, T<i) along the 
closed transversals c\ and C2, denoted by (Mi, Ti) Cl #c 2 (M2, •^2), is defined to 
be the foliated manifold obtained by gluing Mi — ci(S' 1 ) to M2 — C2{S 1 ) along 
Ui — ci(S' 1 ) and U2 — C2(S 1 ) via the isomorphism 

Ui - c^S 1 ) ^U 2 - c 2 {S 1 ) : ei(t,x) ^ e 2 (t, ^o) . 

If both T\ and T2 have one Novikov component, then their connected sum 
has one Novikov component as well. Notice that one could as well perform the 
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connected sum along disjoint unions of embedded circles, c± U . . . U c\ in Mi, 
and c\ U . . . U cf in M 2 . 

Consider, for instance, a manifold of the type M = S 1 x F , where F is some 
n-dimensional manifold. Let ir denote the natural projection M — > S , and let .T 7 
denotes the (trivial) foliation of M by the fibers of ir. Let also c%, c[, c 2 : S 1 — > A/ 
be disjoint embeddings such that 7r o ci = ir o c' = Id 51 , and such that n o c 2 
coincides with the double cover e lt 1— > e* 24 (alternatively, one could suppose that 
ttoci = 7r ocj and 7r o C2 are different covers of S 1 of the type e 1 * 1— > e m '). Then 
the connected sum of (M, J 7 ) with itself along the closed transversals c\ U c' x 
and c 2 U c' x is a foliated manifold with one Novikov component, and with dense 
leaves. Indeed, a leaf of the connected sum corresponds to an equivalence class 
for the equivalence relation on S 1 generated by e lt ~ e t2t . The open foliated 
manifold obtained by removing from M the set of closed curves along which 
some given ^-generic function without any leafwise degenerate critical point 
achieves leafwise local maxima has dense leaves as well. Besides, if F is an open 
manifold, it is not necessary to remove something to achieve openness. 

Lemma 7.12 If the manifold F is open, then the foliated manifold (M, ^ r ) Cl uc' 1 
# C2 uc' 1 (M,^ r ) is open. 

Proof. Let / : F — ► [0, 00) be a proper Morse function without local maxima. 
Let a, b be distinct noncritical values of /. Let 7 : S 1 — > F be an injective map 
whose image is contained in the level f^ 1 (a). Let q (respectively q') be a point 
in f^ 1 {a) — 7(S' 1 ) (respectively / _1 (6)). Suppose that the closed transversal c\ 
(respectively c^) coincides with the map S 1 — > M : 1 1— > (t, q) (respectively 5 1 — ► 
M : f 1— > (t,q')), and that C2 coincides with the map 5 11 — > M : f 1— > (2t 7 j(t)). 
Suppose also that on the tubular neighborhoods U\, U[ and U 2 of ci, c' x and 
c 2 respectively, along which the connected sum is performed, the function p*f 
corresponds to some function 

S 1 x E" -> R : (t,x u . . . ,x n ) i-> c+ /i(a: n ) , 

where p denotes the projection M — > F, where h : R ^> R is an embed- 
ding, and where c is either a or fo. The functions f\M-(c 1 (s 1 )uc' 1 (s 1 )) an d 
/Im-(g 2 (S 1 )uc' 1 (S , i)) assemble into a proper function 5 : M^u^^u^M -> [0, 00) 
that coincides with / on (M — (Ui UU[))]J(M - (U 2 UU[)), and whose critical 
locus in Ui - {c 1 (S 1 )Uc' 1 (S 1 )) ~U 2 - (c 2 (S ,1 )Uc' 1 (S' 1 )) is made of two disjoint 
transverse closed curves, consisting of leafwise critical points of leafwise index 
m — 1 and 1 respectively. Figure [l] shows how to construct g on the connected 
sum of a fiber in the tubular neighborhood U\ (or U[) with the corresponding 
fiber in the tubular neighborhood U 2 (or U[). ■ 

8 Application to Poisson geometry 

Let us recall that a regular Poisson manifold can be described as a foliated 
space (M, T) endowed with a leafwise symplectic structure, that is, a section 
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Figure 1: The function g on the connected sum of two corresponding fibers 



of the second exterior power of the cotangent bundle T*T of the foliation T, 
whose restriction to each leaf of T is a symplectic form (cf. ||). The question 
of existence of such a structure on a given foliated manifold as been approached 
in a previous paper (see also |Q), where examples of foliations are presented 
that do not support any leafwise symplectic structure although the obvious ob- 
structions vanish. On the other hand, as explained below, a leafwise symplectic 
structure on the foliated manifold (M, T) is a solution of a certain open, foliated 
invariant differential relation. 

Consider a foliated manifold (M, J 7 ). A section of the bundle A k T*J r is called 
a tangential differential k-form. A tangential differential 2-form a is said to be 
nondegenerate if for every point x in M, the skewsymmetric bilinear form a{x) 
on T X T is nondegenerate. The usual exterior differential restricts naturally into 
amapdy : T{A*T*T) -» T(A* +1 T*J 7 ) (cf. Q). The corresponding cohomology 

££*tj?\ {A? ~ c l° se d * —forms} 
{dp — exact * —forms } ' 

is called the tangential de Rham cohomology of the foliated manifold (M, J-) . 
There is a natural affine fibration L : (T* J 7 ) 1 -> h?T*T defined by L^a^)) = 
dyra(x). Choose a d^r-closed tangential differential 2-form 8. Define fig to be 
the differential relation Qg — {^afa); 6{x) + L(j l a(x)) is nondegenerate }. 
A solution of is thus a tangential differential 1-form a such that d^a + 6 
is a leafwise symplectic structure belonging to the same tangential de Rham 
cohomology class as 9. Thus, the set of solutions, modulo the set of djr-closed 
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1- forms, parameterizes the set of leafwise symplectic structures lying in the class 
[0]. On the other hand, since the map L is an affine fibration, the space of sec- 
tions of fig is weakly homotopy equivalent to the space of leafwise nondegenerate 

2- forms. 

Proposition 8.1 ([Q) The relation fig is open and invariant under foliated 
isotopies. 

Proof. That fig is open follows directly from its definition. The second 
assertion relies on considering the "right" lift for isotopies, that is : 

<pt-a = ip* t a + ip* (i(X s )0) ds , 
Jo 

where a is an element of T*T, and where X t denotes the time-dependent vector 
field associated to the isotopy <p t . If a is a tangential differential 1-form for 
which the tangential differential 2-form djra + is leafwise nondegenerate, then 
<Pt(dj:a + 9) is leafwise nondegenerate as well (while the form ip\ (djra) + might 
very well be leafwise degenerate) , and 

tp* t (djra + 0) = df<p* t a + 0+(tf0-0) 

= djrip* a + 9+[ —ip 



o ds 

djrip*a + + / tp*£x s 0ds 
Jo 

d r tp* t a + 0+ [ ip*dyri(X s )0ds 
Jo 



dyr[ip* t a+ <p* s i(X s )0ds) +0 



n 



Thus, Theorem |3.4| applies to the relation fig. 

Theorem 8.2 Let (M,J-) be an open foliated manifold. Given a dp-closed tan- 
gential differential 2-form 0, any family (3 S , s £ [0, l] p of leafwise nondegenerate 
2-forms is homotopic to a family of leafwise symplectic structures cohomolo- 
gous to 0. Moreover, if (3 S is already symplectic and cohomologous to for s 
in 9([0, the homotopy may be chosen to be stationary for those parame- 

ters. Equivalently, the inclusion of the space of leafwise symplectic structures 
cohomologous to into the space of leafwise nondegenerate 2-forms is a weak 
homotopy equivalence 



Theorem B.2 implies the following existence and uniqueness result for leafwise 



symplectic structures. 
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Corollary 8.3 On an open foliated manifold any leafwise nondegenerate 2-form 
can be deformed into a leafwise symplectic form (with prescribed tangential de 
Rham cohomology class). Moreover, if two cohomologous leafwise symplectic 
structures can be joined by a path of leafwise nondegenerate 2- forms, they can 
also be joined by a path of cohomologous leafwise symplectic forms. 
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